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IV: A proposition on local Riemannian invariants. 
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Abstract 

This is the fourth in a series of papers where we prove a conjecture of 
Deser and Schwimmer regarding the algebraic structure of "global confor- 
mal invariants" ; these are defined to be conformally invariant integrals of 
geometric scalars. The conjecture asserts that the integrand of any such 
integral can be expressed as a linear combination of a local conformal 
invariant, a divergence and of the Chern-Gauss-Bonnet integrand. 

The present paper lays out the second half of this entire work: The 
second half proves certain purely algebraic statements regarding local Rie- 
mannian invariants; these were used extensively in [3] |4]. These results 
may be of independent interest, applicable to related problems. 

Contents 

1 Introduction [2 

2 The fundamental Proposition. 

2.1 Definitions and Terminology 

2.2 The main algebraic Propositions in J3[ 0] follow from Corollary [TJ 



Proof of Proposition I2.lt Set up an induction and reduce to 
Lemmas [HQ [3H], [3_H below. 

3.1 The proof of Proposition ^. II via an induction: 

3.2 Reduction of Proposition ^. II to three Lemmas: 

3.3 The rigorous formulation of Lemmas 13. II 13.21 13.51 



'University of Toronto, alexakis@math.toronto.edu. 
This work has absorbed the best part of the author's energy over many years. This research 
was partially conducted during the period the author served as a Clay Research Fellow, an 
MSRI postdoctoral fellow, a Clay Liftoff fellow and a Procter Fellow. 

The author is immensely indebted to Charles Fefferman for devoting twelve long months to 
the meticulous proof-reading of the present paper. He also wishes to express his gratitude to 
the Mathematics Department of Princeton University for its support during his work on this 
project. 



1 



Proof that Proposition 12.11 follows from Lemmas 13.11 13.21 13.51 



(and Lemmas GLU [374]) . |32 

4.1 Introduction 32 

4.2 Derivation of Proposition 1 2 . 1 1 in case I from Lemma I5TT1 35 

4.3 Derivation of Proposition 12. II in case II from Lemma I5T21 |47 

4.4 Reduction of the claims fl~3l| and (|4~4"5|) to the Lemmas |4"751 H751 

and gJHH] below [58 

4.5 Derivation of Proposition ^. ll from Lemma l3.5l |7C 

Appendix. |81 

5.1 A weak substitute for Proposition ^. ll in the "forbidden cases". . |81 

5.2 Mini- Appendix: Proof that the "delicate assumption" (in case I) 

can be made with no loss of generality: [H 



1 Introduction 

This is the fourth in a series of papers [31 [SJ [7J [5] where we prove a conjecture 
of Deser-Schwmimmer [18] regarding the algebraic structure of global conformal 
invariants. We recall that a global conformal invariant is an integral of a natural 
scalar- valued function of Riemannian metrics, J Mn P{g)dV g , with the property 
that this integral remains invariant under conformal re-scalings of the underlying 
metric0 More precisely, P(g) is assumed to be a linear combination, P(g) — 
Szpl a zC'(s); where each C l (g) is a complete contraction in the form: 

contr l {V [mi) R® ■ ■ ■ <g> V (ms) i?); (1.1) 

here each factor V^i? stands for the m th iterated covariant derivative of the 
curvature tensor R. V is the Levi-Civita connection of the metric g and R is 
the curvature associated to this connection. The contractions are taken with 
respect to the quadratic form g lJ . In this series of papers we prove: 

Theorem 1.1 Assume that P{g) — 'Yli £ [ j o-iC l {g), where each C l (g) is a com- 
plete contraction in the form il.l]) , with weight —n. Assume that for every 
closed Riemannian manifold (M n ,g) and every </> € C°°(M n ): 

f P{e 2 *g)dV^ g = f P(g)dV g . 

We claim that P(g) can then be expressed in the form: 

P(9) = W(g) + di Vl T l {g) + Pfaff^w). 

Here W(g) stands for a local conformal invariant of weight —n (meaning that 
Wie^g) = e- n ^W{g) for every (f> e C°°(M n ) ), div % T l (g) is the divergence of 
a Riemannian vector field of weight —n + 1, and Pfaff (Rijki) is the Pfaffian of 
the curvature tensor. 

1 See the introduction of [3] for a detailed discussion of the Deser-Schwimmer conjecture, 
and for background on scalar Riemannian invariants. 
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We now discuss the position of the present paper in this series. 

We recall from the introduction of [3] that this series of papers can be natu- 
ally subdivided into two parts: Part I (consisting of P3 El H] ) proves the Deser- 
Schwimmer conjecture, subject to establishing certain "Main algebraic Propo- 
sitions", namely Proposition 5.2 in [3j and Propositions 3.1, 3.2 in 0]. Part II, 
consisting of the present paper and pJ[H] prove these main algebraic propositions. 

The first task that we undertake in the present paper is to reduce the "main 
algebraic Propositions" in [31 0] to a single Proposition, 12.11 below, which we 
call the "fundamental Proposition 12.11 ' and which will be proven by an elabo- 
rate induction on four parameters. This fundamental Proposition is actually a 
generalization of the "Main algebraic Propositions" in [3j [4] , in the sense that 
the "Main algebraic Propositions" are special cases of Proposition 12.11 in fact 
they are the ultimate or penultimate steps of the aforementioned induction with 
respect to certain of the parameters. 

An outline of the goals of the papers [JO [5]: The main goal in the 
present paper is to introduce Proposition ^. II below, which will imply the "main 
algebraic Propositions" in [31 3] , and then to reduce the inductive step in the 
proof of Proposition 12 . 1 1 to three Lemmas, 13.11 13.21 13.51 below (along with two 
preparatory claims needed for Lemma 13.51 namely Lemmas 13.31 13. 4[) : We prove 
in the present paper that the three Lemmas 13.11 13.21 13.51 imply the inductive 
step of Proposition 12. 11 apart from certain special cases. In this derivation we 
employ certain technical LemmasH In the next paper in the series, [7J we derive 
the inductive step of Proposition 12.11 in the special cases, and we also provide 
a proof of the aforementioned technical Lemmas. Thus, the present paper and 
[7J reduce the task of proving the Deser-Schwimmer conjecture to proving the 
Lemmas I3.1H3.5I below. 

Then, Lemmas 13.11 13.51 are proven in the final paper in this series, [8]. 

Outline of the "Fundamental Proposition [271]' : In section[5]we set up 
the considerable notational and language conventions needed to state our funda- 
mental Proposition ^. 11 we then state the fundamental Proposition and explain 
how the "main algebraic Propositions" 5.2 and 3.1, 3.2 in [3J, [4] are special cases 
of it. We also explain how the fundamental Proposition will be proven via an 
induction on four parameters. In section[3jwe distinguish three cases I, II, III on 
the hypothesis of Proposition 12.11 and claim three Lemmas, 13.11 13. 2\ 13.51 which 
correspond to these three cases. Finally in section 2] we prove that these three 
Lemmas imply Proposition !2.lFI In section [4] we also assert certain important 
technical Lemmas which will also be used in the subequent papers in this series; 
some of these technical papers are proven in the present paper and some in [7J . 



2 (More on this in the outline of the present paper below). 

3 We make use of the inductive assumption of Proposition 12. 1 1 in this derivation. 
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Now, since the fundamental proposition is very complicated to even write 
out, we reproduce here the claim of the first "main algebraic Proposition" from 
[3 , for the reader's convenience. As explained above, this first "main algebraic 
Proposition" is a special case of Proposition |2~T1 below. 

A simplified description of the main algebraic Proposition 5.2 in Given 
a Riemannian metric g over an n-dimensional manifold M n and auxilliary C°° 
scalar-valued functions f2i, . . . ,Q p defined over M n , the objects of study are 
linear combinations of tensor fields X^zei a i^ l g %1 '" %a > where each C g ' lx '" 7 ' a is a 
partial contraction with a free indices, in the form: 

pcontr(V {m) R® ■ ■ ■ ® V (ms) i? ® V (bl) ^i ® • • • ® V (6m) fi p ); (1.2) 

here V^i? stands for the m" 1 covariant derivative of the curvature tensor i?Q 
and V^fifc, stands for the b th covariant derivative of the function O^. A partial 
contraction means that we have list of pairs of indices ( Q , (,),..., ( c , ^) in (|1.2p , 
which are contracted against each other using the metric g lJ . The remaining 
indices (which are not contracted against another index in (|1.2p ) are the free 

XTldlCGS ; ■ ■ ■ ; j Q ■ 

The "main algebraic Proposition" of [3] (roughly) asserts the following: Let 
^2i£ L aiCg' 11 '" 1 ^ stand for a linear combination of partial contractions in the 

form (|1.2[) . where each Cg' 11 '" 1 " has a given number o\ of factors and a given 
number p of factor V^flh- Assume also that o\ + p > 3, each 6, > 2|£| and 
that for each pair of contracting indices ( a , &) in any given C g ' il '" i>> , the indices 
Q ,b do not belong to the same factor. Assume also the rank /i > is fixed 
and each partial contraction C g ' ll '" l ^,l G has a given weight —n + Let 

also X)/gl> CLiCg 11 ' iyi stand for a (formal) linear combination of partial con- 
tractions of weight — n + yi, with all the properties of the terms indexed in L^, 
except that now all the partial contractions have a different rank yi, and each 
Vi > M- 

The assumption of the "main algebraic Proposition" is a local equation: 

X aiXdiVi, . ..X.ln-, ('[,• + ^ ,n.\,lir, . . . Xdiv lyi C^ 1 -**' = 0, 

(1-3) 

which is assumed to hold modulo complete contractions with cr+ 1 factors. Here 
given a partial contraction C g M " Aa in the form (|1.2[) Xdivi B [C^' 11 ' - ' 1 "] stands for 
sum of cr — 1 terms in ciivi s [C^* 1 ■■■*=] where the derivative V Js is no£ allowed to 
hit the factor to which the free index j s belongs 

4 In other words it is an (m + 4)-tensor; if we write out its free indices it would be in the 

form V^.r m -Rijfci- 

5 This means that each function is differentiated at least twice. 
6 See [3] for a precise definition of weight. 

7 Recall that given a partial contraction q^'i---*'* m the form 11. 2> with a factors, 
divi s C„' il '" ia is a sum of a partial contractions of rank a — 1. The first summand arises 
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The main algebraic Proposition in [5] then claims that there will exist a 
linear combination of partial contactions in the form (|1.2p . ^2 heH a/ l C s ' lI "' l ' 4+1 
with all the properties of the terms indexed in L> M , and all with rank (/i + 1), 
so that: 

aiCW 1 -**) + a h Xdiv i)l+1 C l g '^- i ^+ l = 0; (1.4) 

the above holds modulo terms of length er + 1. Also the symbol (...) means 
that we are symmetrizing over the indices between parentheses. 

The proof of the "fundamental Proposition 12. If via an induction, 
and a brief description of Lemmas 13. 1113.2113.51 

The fundamental Proposition 1 2 . 1 1 is a generalization of Proposition 5.2 from 
[3 , in the sense that it deals with partial contractions in the form (jl.2p . which 
in addition contain factors Vc^H these are assumed to contract against the 
different factors V^i?, V^O-t according to a given pattern^ The Proposition 
12.11 also groups up the different partial contractions of minimum rank indexxed 
in L M according to the distribution of the free indices among its different fac- 
tors The claim of Proposition 12.11 is then an adaptation of 
(|1.4[) . restricted to a particular subset of the partial contractions indexed in 
L^. A discussion of how the Proposition 12.11 is proven via an induction on 
four parameters, as well as how the inductive step is reduced to the Lemmas 
13.11 13.21 13.51 is provided in subsections 13.11 and 13.21 The reader is also refered to 
those subsections for a more conceptual outline of the ideas in the present paper. 

Before proceeding to give the strict formulation of the fundamental Propo- 
sition, we digress to discuss the relationship of the whole work [3]-[8] and of 
the papers [5]-[H] in particular with the study of local scalar Riemannian and 
conformal invariants. 

Broad Discussion: The theory of local invariants of Riemannian structures 
(and indeed, of more general geometries, e.g. conformal, projective, or CR) has 
a long history. As discussed in [3], the original foundations of this field were 
laid in the work of Hermann Weyl and Elie Cartan, see [28l [17] . The task of 
writing out local invariants of a given geometry is intimately connected with 
understanding polynomials in a space of tensors with given symmetries; these 
polynomials are required to remain invariant under the action of a Lie group 
on the components of the tensors. In particular, the problem of writing down 

by adding a derivative V ls onto the first factor T\ and then contracting the upper index ls 
against the free index ; s ; the second summand arises by adding a derivative V Is onto the 
second factor T2 and then contracting the upper index ' s against the free index j s etc. 
8 See the forms J2jj, [pH) below. 

9 This encoding is described by the notions of weak and simple character-see the informal 
discussion after Definition 12.31 

10 This encoding is described by the notions of double and refined double character— see the 
informal discussion after Definition 12.31 
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all local Riemannian invariants reduces to understanding the invariants of the 
orthogonal group. 

In more recent times, a major program was laid out by C. Fefferman in 
[2"U] aimed at finding all scalar local invariants in CR geometry. This was mo- 
tivated by the problem of understanding the local invariants which appear in 
the asymptotic expansion of the Bergman and Szego kernels of strictly pseudo- 
convex CR manifolds, in a similar way to which Riemannian invariants appear 
in the asymptotic expansion of the heat kernel; the study of the local invariants 
in the singularities of these kernels led to important breakthroughs in [TT] and 
more recently by Hirachi in [25] . This program was later extended to conformal 
geometry in [5T]. Both these geometries belong to a broader class of structures, 
the parabolic geometries; these admit a principal bundle with structure group a 
parabolic subgroup P of a semi-simple Lie group G, and a Cartan connection 
on that principle bundle (see the introduction in [15j). An important question 
in the study of these structures is the problem of constructing all their local 
invariants, which can be thought of as the natural, intrinsic scalars of these 
structures. 

In the context of conformal geometry, the first (modern) landmark in un- 
derstanding local conformal invariants was the work of Fefferman and Graham 
in 1985 [21] . where they introduced the ambient metric. This allows one to 
construct local conformal invariants of any order in odd dimensions, and up to 
order in even dimensions. The question is then whether all invariants arise 
via this construction. 

The subsequent work of Bailey-Eastwood-Graham [TT] proved that this is 
indeed true in odd dimensions; in even dimensions, they proved that the re- 
sult holds when the weight (in absolute value) is bounded by the dimension. 
The ambient metric construction in even dimensions was recently extended by 
Graham-Hirachi, [24]; this enables them to identify in a satisfactory way all lo- 
cal conformal invariants, even when the weight (in absolute value) exceeds the 
dimension. 

An alternative construction of local conformal invariants can be obtained 
via the tractor calculus introduced by Bailey-Eastwood-Gover in [10J. This 
construction bears a strong resemblance to the Cartan conformal connection, 
and to the work of T. Y. Thomas in 1934, [27] . The tractor calculus has proven to 
be very universal; tractor buncles have been constructed [15] for an entire class 
of parabolic geometries. The relation betweeen the conformal tractor calculus 
and the Fefferman- Graham ambient metric has been elucidated in 1161 . 




The present work [3]-[S], while pertaining to the question above (given that 
it ultimately deals with the algebraic form of local Riemannian and conformal 
invariants), nonetheless addresses a different type of problem: We here con- 
sider Riemannian invariants P(g) for which the integral J Mn P(g)dV g remains 
invariant under conformal changes of the underlying metric; we then seek to un- 
derstand the possible algebraic form of the integrand P(g), ultimately proving 
that it can be de-composed in the way that Deser and Schwimmer asserted. It is 
thus not surprising that the prior work on the construction and understanding 
of local conformal invariants plays a central role in this endeavor, in the papers 
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mm- 

On the other hand, as explained above, a central element of our proof is 
the (roughly outlined above) "fundamental Proposition 12.11 ' F1 which deals ex- 
clusively with algebraic properties of the classical scalar Riemannian invari- 
ants The "fundamental Proposition 12.11 ' makes no reference to integration; 
it is purely a statement concerning algebraic properties of local Riemannian in- 
variants. While the author was led to led to the main algebraic Propositions in 
[3113] out of the strategy that he felt was necessary to solve the Deser-Schwimmer 
conjecture, they can be thought of as results with an independent interest. The 
proof of these Propositions, presented in the present paper and in [5] is in 
fact not particularly intuitive. It is the author's sincere hope that deeper insight 
(and hopefuly a more intuitive proof) will be obtained in the future as to why 
these algebraic Propositions hold. 

2 The fundamental Proposition. 

In order to state and prove the fundamental proposition we will need to intro- 
duce a lot of terminology. 

2.1 Definitions and Terminology. 

We will be considering (complete or partial) contractions C i *'" %a {Q,-y, . . . , Q p , <f>\, . . . 
of length a + u (with no internal contractions) in the form: 

pcontr{V^ R ijkl ® • • • ® V (m ^R tjkl ® 
V (fcl) ^i ® • • • ® V (fcp) f2 p <g> V0i <8> • • • ® V</>„); 

here a = s+p and ^ , . . . , i a are the free indices in C l ^ ' %a (f2i, . . . , £l p , (pi, ... , </> u ). 

Definition 2.1 Any (complete or partial) contraction in the form will be 

called acceptable if: 

1. Each of the free indices must belong to a factor V^™) Rijki or V'^O/,. 

2. Each of the factors S7<f>h is contracting against a factor V^" 1 ' Riju or 

3. Each of the factors V^Qf should satisfy a > 2. 

More generally, we will also be considering tensor fields 
C* 1 - l - (fij , . . . , ftp, <f> zi , . . . , (j) Zu , (j)' Zu+i , . . . , (j)' Zu+d , 4> Zn+i+1 , . . • , 4> Zu+d+y ) of length 
a + u (with no internal contractions) in the formF^l 

11 This Proposition is a generalization of the main algebraic Propositions 5.1, 3.1, 3.2 in 

El®. 

12 We refer the reader to the introuction of [3] for a detailed discussion of these. 

13 We recall that S*^/rx.--r t ,Rijkl stands for the symmetrization of the tensor Vr^... r „Rijkl 
over the indices ri , . . . , Ttl , j. 
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pconir(V (mi) Rijki ® • • • ® V^'^i^w® 

v (bi) fii<gi---(g)V (bp) n p (8) 

V0 2l . • • (8 V0 Z „ ® V# w+1 ® ... « V^ ro+d ® • • • ® V^ ra+d+1 ® • ■ ■ <8 V^ Ziu+d+y ). 

(2.2) 

Here, the functions <j6 a , ^ are the same as the functions <j} a ,4>b- The symbols~and 
' are used only to illustrate the fcind of indices that these factors are contracting 
against (we will explain this in the next definition). 

The notion of acceptability for contractions in the form (|2.2j) is a generaliza- 
tion of Definition 12.11 

Definition 2.2 We will call a (complete or partial) contraction in the form 
12. jp acceptable if the following conditions hold: 

1. {zi, . . . , z w+ d+y\ = {1, ■ ■ ■ j u}. Also, each of the free indices must belong 
to a factor V^Rijki, V^fifc or S^Y^"' Rijki- In addition, the factors 
V (b) f}/ must have b>2. 

2. The factors V^jViji^Vi/n contract according to the following pattern: 
Each of the factors is contracting against a derivative index in a 
factor V^Rijki or V^Of. Each of the factors 4>h must be contracting 
against the index i of some factor S*V^ Rijki ■ Conversely, each index , 
in any factor S*^"' Rijki must contract against some factor V<f>h- Lastly, 
each factor V</>1 is contracting against some factor S*Vri. ..r u Rijki > but 
necessarily against one of the indices ri , . . . , Tu , j . 

Definition 2.3 For any (complete or partial) contraction in the form \2.1\) or 
&2.2\) , we define its real length to be the number of its factors if we exclude the 
factors V(j>h, V0ft, V$j. (So for contractions in the form 12. 2\) the real length 
is <Ji+t +p). 

We now introduce the notions of weak, simple, double and refined- double 
characters for acceptable contractions C i g 1 '" %a in the form ()2.2|1 . Since these 
definitions are rather technical, we give the gist of these notions here: The 
weak character encodes the pattern of which factors in C g x '" %a the various terms 
V<f>h,h — l,...,u are contracting against. The simple character encodes the 
above, but also encodes whether each given factor V<fih that contracts against 
a factor T = S*V ("'Rijki is contracting against the index j, or one of the 
indices ri , . . . )rv , j. The double character encodes the simple character, but 
also encodes how the free indices are distributed among the different factors in 
Qi\...i a (i e now man y f ree indices belong to each factor). Finally, the refined 
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double character encodes the same information as the double character, but also 
encodes whether the free indices are special mrfzcesF^l 

Now we present the proper definitions of the different notions of "character" . 

Definition 2.4 Consider any acceptable complete or partial contraction in ei- 
ther of the forms \2.1]) or i2.2]) . The weak character K wea k is defined to be a 
pair of two lists of sets: (Li, L 2 ). Li stands for the list (Si, . . . , S p ) where each 
St stands for the set of numbers r for which V0 r contracts against the factor 
\7^- bt )fl t . L2 stands for the list of sets (Si, . . . , S a - P ) where each St stands for 
the set of numbers r for which \7(j> r contracts against the t th curvature factor 
in &2.1]) or A2.2]) (in the latter case the curvature factor may be in the form 
V^Rijki or SM y] R^ki)- 

Definition 2.5 Consider complete or partial contractions in the form 112.2]) : we 
define the simple character K s imp to be a triplet of lists: (L\, L2, L3). 

Li is as above. L2 stands for the list of of sets (Si, . . . , S ai ) where each 
St stands for the set of numbers r for which V0 r contracts against the t th 
factor V^ m " Rijki in the first line of 12.2]) . L 3 is a sequence of pairs of sets: 
L 3 = [({cti}, Si), . . . , ({ct t }, S t )}, where a w stands for the one number for which 
the index i in the w th factor in the second line of 12.2\) is contracting against 
the factor V</> Qli , . S w stands for the set of numbers r for which the w th factor 
is contracting against the factors V^J, in \2. 2\) . 

Now, we define the double character. We note that this notion is defined for 
tensor fields in the form (|2.2[) that do not have both indices j , j or k , 1 in a factor 
W^R ljk i or SM v) Ri 3 kl being free. 

Definition 2.6 Consider complete or partial contractions in the form \2.2\l ; 
we define the double character to be the union of two triplets of lists: Kdoub — 
(Li, L 2 , L 3 )\(Hi, H2, H 3 ). Here Li,L 2 ,L 3 are as above. Hi stands for the list 
(hi, . . . , hp), where h t stands for the number of free indices that belong to the 
factor V^Qf H2 stands for the list of numbers (hi, . . . ,h ai ), where each hi 
stands for the number of free indices that belong to the i th factor in the first line 
of \2. 2\) . H% stands for the set of numbers (hi, . . . , ht) where h u stands for the 
number of free indices that belong to the u th factor on the second line of 12.2]) . 

Now, one more definition before stating our main Proposition for the present 
paper. We will be defining the refined double character of tensor fields in the 
form (|2.2p . For that purpose, we will be paying special attention to the free 
indices i f that are internal indices in some factor V<- m )Rii ki or are one of the 
indices k, 1 in one of the factors S^V^-* Rijkl- We will be calling those free indices 
special free indices. 

Definition 2.7 Consider complete or partial contractions in the form \2.2\l : 
we define its refined double character to be the union of two triplets of sets: 

14 Meaning that they are internal indices in some ^7^ m 'Rijkl or indices k,l in some 
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Kref-doub = (Li , L2, L3) | (Hi , H2, H3) where the sets L\, L2, L3, Hi are as be- 
fore, whereas: 

H2 stands for the list of sets (hi, . . . h ai ) where hk stands for the following: 
If the k th factor \7 < - m > Rijki has no special free indices then hk = hk (same as for 
the double character) . If it contains one special free index then hk — {hk} U{*}- 
Finally, if it contains two special free indices then hk — {^fc}lj{**}- 

H3 stands for the list of sets (hi, . . . h„ 2 ) where hk stands for the following: If 
the k th factor S^V^ Rijkl has no special free indices then hk = hk (same as for 
the double character). If it contains one special free index then hk = {hk}[J{*}- 

The elements {**},{*} above will be called marks. 

Now, we will introduce a notion of equivalence for the characters (weak, 
simple, double or refined double) of tensor fields. 

Definition 2.8 We say that two (complete or partial) contractions in the form 
\2. 2\) have equivalent (simple, double or refined double) characters if their (sim- 
ple, double or refined double ) characters can be made equal by permuting factors 
among the first two lines of V2.2]) . 

More generally, we will say that two (complete or partial) contractions in the 
more general form (possibly of different rank) have equivalent weak char- 

acters if we can permute their curvature factors and make their weak characters 
equal. 

We thus see that the various "characters" we have defined can be thought 
of as abstract lists, which are equipped with a natural notion of equivalence. 
We note that we will occasionally be speaking of a (weak, simple, double or 
refined double) character abstractly, without specifying a (complete or partial) 
contraction or tensor field that it represents. Furthermore, we have seen that 
the notions of weak, simple, double and refined double characters are graded, 
in the sense that each of these four notions contains all the information of the 
previous ones. Now, given a simple character K S j mp we define Weak(K simp ) to 
stand for the weak character that corresponds to that simple character. Anal- 
ogously, given any refined double character K re f-doub, we let Simp(K re f-doub) 
stand for the simple character that corresponds to that refined double character 
and also Weak(K re f-doub) to stand for the weak character that corresponds to 
that refined double character. 

Now, we will introduce a weak notion of ordering for simple and refined 
double characters. This notion is "weak" in the sense that we will be specifying 
a particular simple or refined double character K S i mp and Kref-doub respectively, 
and we will define what it means for complete or partial contractions (in the 
form (|2.1[) or (|2.2p ) to be subsequent to K S imp and K. r ef-doub respectively. This 
relation is not transitive. 

Definition 2.9 Given any contraction in the form 12. ty) . we consider any sim- 
ple character K s imp or refined double character h* re f-doub o,nd we let the defining 
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set Def(K S imp), Def(K re f-doub) to be the set of numbers r for which V0 r is 
contracting against an internal index $ in some factor S+V^'Rijki- 

We now consider any general complete contraction C g (fli, . . . , Q p , (pi, . . . , 4> u , 
4>u + i, ■ ■ • , 4>' u +d> 4>u+d+i, ■ ■ ■ , (pu+d+y) or partial contraction C* 1 -"*" in the form 
&2.1\) or h2.2\l , with a weak character Weak(K s i mp ) or Weak(K re f_doub) respec- 
tively. We say that C g or C g 1 '" la is simply subsequent to K S imp or n re f-doub if 
for at least one number v G Def(K S i rnp ) (or v G Def(K re f^doub)), the factor 
V0i/ in C g orC g 1 '" la is contracting against a derivative index. This terminology 
extends to linear combinations. 

Now, we will introduce a partial ordering among refined double characters 
Kh with Simp(Kh) — i^simp, where K S imp is a fixed simple character. To do this, 
some more notation is needed: 

For a given tensor field in the form (|2.2[) . with a refined double character 
Kref-doub, we define Def*{K re f- d oub) to stand for the subset of Def(K re f- do ub) 
which consists of those numbers a w for which V(j> auj contracts against a factor 
S*V^ Rijki where one of the indices fc or / is a free index. 

Definition 2.10 We compare two refined double characters K\,K2 with 
Simp(Ki) = Simp(K2) according to their ^-decreasing rearrangements, which 
means the following: 

By a *- decreasing rearrangement of any refined double character, we mean 
the rearrangement of the lists H2,H^ (see Definition \2.7\ above) so that the el- 
ements in Hi with a mark {**} must come first (and the elements with such 
factors are arranged in decreasing rearrangement) . Then among the rest of the 
elements, the ones with a mark {*} must come first (and the elements with such 
a mark are arranged in decreasing rearrangement) . Then, the elements without 
a mark will come in the end, arranged in decreasing rearrangement. Further- 
more, for the lists H3 *- decreasing rearrangement means that the elements in H3 
corresponding to a factor S*W^ u 'Rijkl which is contracting against some factor 
y<p' h in Ksimp will come first in the list ( and they are arranged in decreasing rear- 
rangement), and then come the elements corresponding to a factor S*¥^ v ' Rijkl 
which are not contracting against any factor Vifi'h * n ^simp, and those are also 
arranged in decreasing rearrangement. 

Now, to compare the refined double characters k\,K2 according to their *- 
decreasing rearrangements means that we take their lists H3 in ^-decreasing 
rearrangement (see above) and order them lexicographically according to these 
rearranged lists. If they are still equivalent, we take the lists H2 in ^-decreasing 
rearrangement and order them lexicographically. If they are still equivalent, we 
take the decreasing rearrangement of the lists Hi and compare them lexicograph- 
ically. "Lexicographically" here means that we compare the first elements in the 
^-rearranged lists, then the second etc. The list with the first larger element is 
precedent (the converse of "subsequent") to the other list. 

If «i,K2 are still equivalent after all these comparisons, we say that the 
refined double characters K\,K2 are "equipolent" . We remark that two refined 
double characters K\,K2 can be equipolent withount being the same. 
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A final note before stating our proposition. We remark that in the definition 
of simple or of weak character, the rank of the tensor field plays no role. On 
the other hand, in the definitions of double character and of refined double 
character, the rank of the tensor fields does play a role: Two double characters 
or two refined double characters cannot be equivalent if the tensor fields do not 
have the same rank. We will then extend the notion of double character and 
refined double character as follows: We consider any tensor field (7 n — V in the 
form (|2.2p . and also any number a < (3. We then define the a-double character 
or the a- refined double character of C ll '" lf3 in the same way as for definitions 
12.51 and 12.61 with the extra restriction that whenever we refer to a free index i d , 
we will mean that d < a. We notice that with this new definition, we can have 
two tensor fields C il -- A P ! c»i •••*<» w jth a < f3, so that the double character of 
Qix-.-ia an( j the a-double character of C ni '" i ' 3 are equivalent. The same is true 
of refined double characters. We note that this notion depends on the order of 
the free indices in C ix '" lfs . 

Furthermore, we note that we will sometimes be referring to a u-simple 
character K S i mp to stress that the information encoded will refer to the u fac- 
tors V(/>i, . . . , V<p u - Analogously, we will sometimes refer to a (u, ^)-refined 
double character to stress that the information encoded refers to the u factors 
V0i , . . . , V(f> u and the fj, free indices ^ , . . . , j . 

Forbidden Cases: Now, we introduce a last definition of certain "forbid- 
den cases" in which the Proposition 12.11 will not apply. Firstly we introduce a 
definition. 

Definition 2.11 Given a simple character K S i mp and any factor T = SM u) Rijki 
in Ksimp, we will say that T is simple if it is not contracting against any factors 

V</>^ in Ksimp- 

Also, given a factor T = V^fifc, we will say that T is simple if it is not 
contracting against any factor V</>/j in K s imp ■ 

We recall that stands for the number of factors S^V^ Rijki in K S i mp . 

Definition 2.12 A tensor field in the form H2.2\) will be called "forbidden" only 
when o~2 > 0, under the following additional restrictions: 
If o~2 = 1) it will be forbidden if: 

1. Any factor V^ m ' Rijki must have all its derivative indices contracting against 
factors and contain no free indices. 

2. Any factor £lh must have p = 2, be simple, and contain no free indices. 

3. The factor S^V^' Rijki must have v — 0, be simple, and contain exactly 
one (special) free index. 

If o~2 > 1, it will be forbidden if: 

1. Any factor V' m ^ Rijki must have all its derivative indices contracting against 
factors V</) K ans contain at most one (necesarily special) free index. 
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2. Any factor V^n h must have p = 2. If it is simple, it can contain at most 
one free index; if it is non-simple, then it must contract against exactly 
one factor V<fih and contain no free indices. 

3. The factor S^V^ Rtjkl rnust have v = 0, be simple, and contain at most 
one free index. Moreover at least one of the factors S*Rijki must contain 
a special free index. 

Finally, we note that in stating Proposition 12 . II we will be formally consid- 
ering linear combinations of tensor fields of different ranks. 

Proposition 2.1 Consider two linear combinations of acceptable tensor fields 
in the form i2.2\) : 

^2 aiCg 11 '" 1 " 1 (fii, . ..,Q p ,(p!,.. . , U ), 

where each tensor field above has real length a > 3 and a given simple character 
Ksimp- We assume that for each I G L >fi , > fj,+ l. We also assume that none 
of the tensor fields of maximal refined double character in L M are "forbidden" 
(see Definition $2.12}) ). 
We denote by 

ajC 3 g (Oi, . . . , ftp, 0i, . . . ,(j> u ) 

a generic linear combination of complete contractions (not necessarily accept- 
able ) in the form \2.1\) that are simply subsequent to n s imp EE We assume that: 

aiXdiv n . . . Xdiv^C'g' 11 - 2 " (fti, . . . , ftp, 0i, . . . , U )+ 
a l Xdiv il ...Xdiv ilj C l g ll ''' Hh (rii,...,VL p ,(f)i 1 ... 1 4> u )+ ^fy 

ieL >fl 

2^a,Cj(fti, . . . , ftp, 0i, • ■ • ,(j> u ) = 0. 

We draw our conclusion with a little more notation: We break the index set 
into subsets L z , z € Z , (Z is finite) with the rule that each L z indexes tensor 
fields with the same refined double character, and conversely two tensor fields 
with the same refined double character must be indexed in the same L z . For 
each index set L z , we denote the refined double character in question by L z . 

5 Of course if Def(K a i mp ) = then by definition Sjg J • • • = 0. 
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Consider the subsets L z that index the tensor fields of maximal refined double 
characterV^ We assume that the index set of those z 's is Zuax C Z. 

We claim that for each z G Zyiax there is some linear combination of ac- 
ceptable (/i + 1) -tensor fields, 

£ orcr*-^ si P , fa,..., c(> u ), 

r£R~ 

where each Cg' ll "' lM+1 (Oi, . . . , Sl p , <pi, . . . , </>„) has a ^-double character L\ and 
also the same set of factors S*V^ Rijki as in L z contain special free indices, so 
that: 

a l Cj; i >- A >>(Ch, ■ ■ ■ , Sl P ,<t>i, . . . , MV^v. . . V ilt v- 

l£L* 

a r Xdiv l ^ +1 C r / 1 - 1 ^ 1 (Sl u . . . , Sl p , 0i, . . . , <j>u)V n v . . . V h v = 

<>.(".;' (n Xj . . . , sip, , ^i, . . . , . . . v iM v, 

tSTi 

modulo complete contractions of length >er + w + /i+l. ifere eac/i 

c;' : ' :<>, ^,-o, o„) 

is acceptable and is either simply or doubly subsequent to L z 

Trivial observation: We recall that when a tensor field is acceptable, then 
by definition it does not have two free indices (say j , i w ) that are indices i , j 
or k,i in the same curvature factor. Thus, such tensor fields are not allowed 
in our Proposition hypothesis, (|2.3|) . Nonetheless, the conclusion of the above 
Proposition would still be true if we did allow such tensor fields: It suffices to 
observe that this sublinear combination would vanish both in the hypothesis of 
our Proposition and in its conclusion. This is straightforward, by virtue of the 
antisymmetry of those indices. 

Now, Proposition 12.11 has a Corollary which will be used more often than 
the Proposition itself: 

Corollary 1 Assume equation h2. 3\) (and again assume that the maximal re- 
fined double characters appearing there are not "forbidden"). We then claim 
that there is a linear combination of acceptable (/i + 1) -tensor fields 

J2a h c^---> i »+i(si 1 ,...,n p ,<t> 1 ,...,<p u ) 

16 Note that in any set S of ^t-refined double characters with the same simple character there 
is going to be a subset S' consisting of the maximal refined double characters. 

17 Recall that "simply subsequent" means that the simple character of Cg'* 1 " !m is subsequent 
to Simp(L z ). 
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with simple character K s i m p, so that: 

J2 <"("',' ■■ {Ml, ■ ■ ■ , tip, fa, • • ■ , fa^v. . . V hl v+ 

E a h Xdw ill+1 C^- A ^ . . . , Sl p , fa, . . . , fa)V tl v. . . V v u = (2. 5) 

E atC , **-- < "(0 1 , .... «>,..0; ^)V nW . . . Vi„U, 

modulo complete contractions of length > a + u + fJ, + 1. Here the right hand 
side stands for a generic linear combination of acceptable tensor fields that are 
simply subsequent to K s imp- 

Proof that Corollary^ follows from Provosition \2. 1\ 
We will prove our claim by an induction. 

We consider all the (u, /i)-double characters k with the property that 
Simp{n) — K S i m p. It follows by definition that there is a finite number of such re- 
fined double characters, so we denote their set by {Dom&i(L m ), . . . , DoubuiL^)}. 
We view the above as an ordered set, with the additional restriction that for 
each a, b, 1 < a < b < U Doub a {L^) is not doubly subsequent to Doub^L^). 
Accordingly, we break the index set L M into subsets L 1 , . . . , L u (where if I G L l 
then C g M '" t>l has a refined double character Dou6 t (L A1 )). 

We then claim the following inductive statement: We inductively assume 
that for some /, 1 < / < U, we have shown that there is a linear combination 
of acceptable (n + l)-tensor fields with simple characters K S i mp , say 

E a h C l g ^- i ^(Q 1 ,...,Q p ,fa,...,fa), 

so that: 

E E aiC l /^(n 1 ,...,n p ,fa,...,fa)Vi 1 v...v ill v- 

w<fl£L™ 

E ahXdivi^C 1 / 1 "^ 1 ^, ...,Sl v ,fa,..., fa)V ll v ...V ilt v = 

heH" 

u _ (2.6) 
E E a d C^-^(Sl 1 ,...,Sl p ,fa,...,fa)V ix v...V itl v+ 

w=f+l deD™ 

E atC*/ 1 -'" (fix, . . . , Sip, fa, . . . , fa^i.v. . . V v u, 
teT 

where each C d < H '" % », d 6 D w has a refined double character Doub w {L). Write: 
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u 

E E aiC£ il - i »(fii,...,n p , 0„) 
io=/+i iei™ 

+ E E adCf 1 -^^!,---,^,^,---,^) (2.7) 

U 

= E E ^^-^(O!,...,^,^,...,^), 

where the index sets Y""' stand for the index sets that arise when we group up 
all the acceptable /x-tensor fields of the same refined double character. We then 
claim that for w = f + 1 we have that there is a linear combination of acceptable 
(p + l)-tensor fields, say 

]T a fc <^ il "- i *+ 1 (ni,...,n p ,0i,...,0 u ), 

h£H"' 

so that: 

£ ayCf^ (Oi, . . . , fi p , X , . . . , u )V n u . . . V v w- 
y eYf+ 1 

J2 (fii, . . . , Q p , 0i, . . . , <t> u )V h v . . . V ifl u = 

(2.8) 

^ ot^-^cni, . . . , rip, 0i, . . . , 0„)v il « . . . v i(l «+ 

teT 

E E "vq" ' ^,01 0„;V,.r...V, u. 

fc>/+i yer fc 

It is clear that if we can show the above, then since the set {Doubi(L^), . . . , 
Doubu(L^)} is finite, we will have shown our corollary. 

But (|2.8p is not difficult to show: Since (|2.6|) holds formally we can replace 
the Wvs by Xdivs (see the last Lemma in the Appendix of [3]) and substitute 
into (12.31) to obtain: 



u 

^2 E a v Xdiv n ...Xdw if4 C^ il - i "(Oi,...,fip,0i,...,0 u )+ 
w=f+l y eY™ 

+ a h Xdiv il ...Xdiv i ^Xdiv^ +1 Cy i -- A »+ l {n 1 ,...,^ (2.9) 
^o 3 -C|(fii, . . . ,O p ,0i, . . . ,0„) = 0. 
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Because the sum in the first line of (|2.9p starts at w = f + 1, it follows 
that one of the maximal sublinear combinations in the first line of (|2.Q[) is the 
sublinear combination 

]T a y C <Al\ <>,,.o, o,,:. 

y£Yf+ 1 

Therefore, (|2.8[) follows immediately from the conclusion of Proposition ^. 11 

□ 

2.2 The main algebraic Propositions in [HI @] follow from 
Corollary [JJ. 

We will now show how Proposition 5.1 in [3] and Propositions 3.1, 3.2 in |4J 
follow from Corollarv l2.11 Proposition 5.1 in [3J and Proposition 3.1 in [3] follow 
immediately from Corollary[TJ Observe that in case of Proposition 5.2 in [3], the 
simple character of the tensor fields in the equation (|2.3p just encodes the fact 
that there are a\ factors V^Rijki and p factors V^f^, h = 1, . . . ,p; in the 
setting of Proposition 3.1 in [I] it additionaly encodes the fact that the tensor 
fields also contain a factor V0 (= V0i) which either contracts against a factor 
or against a derivative index of a factor V^ m ^ RijkU f° r each of the tensor 
fields in the hypothesis of that Proposition. There are no factors S*V'"' Rijki in 
this setting, thus X^e J a o ' ' ' = ®> both in the hypothesis and in the conclusion 
of Corollary [TJ Thus, the claims of these two Propositions follow directly from 
the conclusion of Corollary [1] by just repla cing the expression V^u . . . V-i t> by 
a symmetrization over the indices 11 , . . . , lfI 

On the other hand, in order to derive the Proposition 3.2 in [4| from Corollary 
[TJ we have to massage the hypothesis of that Proposition in order make it fit with 
the hypothesis of Corollary [TJ For each tensor field Cg 11 '" 1 " (Oi, . ..,Q p ,cf>) and 
Q^ti...ip t ^ ^ ppQpQgitjojj 3 2 i n gj ; we denote by C g M '" t " (Oi, . . . , fl p , 

and C g ' n ' 1i3l (Oi, . . . ,Q p ,4>) the tensor fields that arise from them by formally 
replacing the expression V^.rvn-Ryfci V' ''4> by S* vl™}. rm Rijki VV- We then ob- 
serve (by virtue of the second Bianchi identity) that: 

c^-^fii, . . . , n p , <t>) = cy-M^i, ■ • • , ftp, aiCf 1 ™*" («i> • • • » ftp, 

(2.10) 

ci'* 1 "** («!, . . . , n p ^) = c l g ' h - ip ' (Ox, . . . , n p , a.ct'"^ 1 (n x , . . . , n P) 0). 

(2.H) 

Notice that the tensor fields Cg tl '" t ' i (fix, . . . , f2 p , 0), C" s ' 1 " " ! (fii, . . . , fi p , 0) are 
all in the form (|2.2[) and they all all have the same simple character, which we 

18 See the remark after the statement of Proposition 5.1 in [3]. 



17 



denote by K S imp- The complete contractions in J2jej a j •••in the hypothesis 
of Proposition 3.2 in [4] and the complete contractions in 

xdivi, . . . xdiv^cl' ll - l »(n u ...,n p , </,), xdivi, ■ ■ ■ xdiv l/3i d M - i?i . . . , n v , $ 

are all simply subsequent to K S i mp . 

Thus, replacing the above into the hypothesis of Proposition 3.2 in [3] we ob- 
tain an equation to which Corollary[T]can be applied^ We derive that there is a 
linear combination of acceptable tensor fields, YlheH a h Cg ' 4l '" if,+1 (fix, ■ ■ ■ , O p , <j)) 
in the form (|2.2p . each with a simple character K S i mp so that: 

atC^-^iilu ...,Qp,4>)- Xdiv ifi+1 £ ahC^-^+^nx, . . . , Q p , 0) = 
leL! hen 

$>,•<?/■ ' <!,..o). 

(2.12) 

Combined with equations (|2.10[) . (|2.11[) above, (|2.12[) is precisely our desired 
conclusion. 



3 Proof of Proposition I2.lt Set up an induction 
and reduce to Lemmas 13. 1L 13. 2L 13.51 below. 

3.1 The proof of Proposition [2.11 via an induction: 

We will prove Proposition 12.11 by a multiple induction on different parameters 
(see the enumeration below). We re- write the hypothesis of the Proposition ^. II 
for reference purposes. 

We are given two linear combinations of acceptable tensor fields in the form 
(|2.2ll all with a given simple character K S imp- We have the linear combination: 

^ CUC 1 *- 4 *^!,...,^, 01,..., 

for which all the tensor fields have rank /i, and also the linear combination: 
^ azC^ 1 -*" (fii,..., f2 p , </>!,...>„), 

leL\L„ 

for which all the tensor fields have rank strictly greater than /i (we should denote 
the rank by ai > fi instead of a, to stress that the tensor fields in L\L fl have 
different ranks-however we will write C ?' ,,I "" ,0 ) thus abusing notation). We are 
assuming an equation: 

19 Notice that the extra requirement in Proposition 3.2 ensures that we do not fall under "a 
forbidden case" of Corollary ITl 
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aiXdiv n . . . Xdiv^C 1 / 1 -^^, ...,{l p ,<px,..., <f> u )+ 
^2 aiXdiv ll ...XdiVi a Cl' ll --- la (n 1 ,...,n p ,(j) 1 ,...,(f> u )+ ^ ^ 

y^QjCgfflii ■ ■ ■ ,%,4>i, ■■■>«) = 0, 

which holds modulo complete contractions of length > a + u + 1@ (Recall that 
a stands for the number of factors V^ m 'Rijki, S»V^"'Rijki, V^ B 'Sl x in K simp ). 
We recall that each C- 7 is simply subsequent to K simp . 

The inductive assumptions: We explain the inductive assumptions on Propo- 
sition [2TT] in detail: 

Denote the left hand side of equation (|3.ip by L g (Slx, . . . , Q p , <f>\, . . . , cj) u ) 
or just L g for short. For the complete contractions in L g , <j\ will stand for 
the number of factors S/^RijH and 02 will stand for the number of factors 
S*V( u 'Rijki- Also $ will stand for the total number of factors V<f>, V0, V</>' and 
— n will stand for the weight of the complete contractions involved. 



1. We assume that Proposition 12.11 is true for all linear combinations L g „> 
with weight —n', n < n, n even, that satisfy the hypotheses of our 
Proposition. 

2. We assume that Proposition 12.11 is true for all linear combinations L g of 
weight —n and real length a' < a, that satisfy the hypotheses of our 
Proposition. 

3. We assume that Proposition 12.11 is true for all linear combinations L g of 
weight — n and real length a, with $' > $ factors V</>, V(/>, V</>', that satisfy 
the hypotheses of our Proposition. 

4. We assume that Proposition 12.11 is true for all linear combinations L g of 
weight — n and real length <r, $ factors V<fc, V(f>, V<j)' and with fewer than 
o~i +02 curvature factors V^Rijki, S^V^iZyfci, provided L g satisfies the 
hypotheses of our Proposition. 

We will then show Proposition ^. ll for the linear combinations L g with weight 
—n, real length a, $ factors V<f>, V</>', V</> and with a\ + 02 curvature factors 
V^'Rijki, S*V^Rijki- So we are proving our Proposition by a multiple induc- 
tion on the parameters n, a, $, o\ + <J% of the linear combination L g . A trivial 
observation: For each weight — n, there are obvious (or assumed) bounds on the 
numbers a (> 3), a — o\ — 02 (> 0, < n) and on the number $ (< £). In view 
of this, we see that if we can show this inductive statement, then Proposition 

20 We have now set (J Ly^ = L. 
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12.11 will follow by induction. 

The rest of this series of papers is devoted to proving this inductive step of 
Proposition ^. II However, for simplicity we will still refer to proving Proposition 
12.11 rather than proving the inductive step of Proposition 12.11 

3.2 Reduction of Proposition [2.11 to three Lemmas: 

We will claim three Lemmas below: Lemmas 13.11 13.21 and I3.5p^1 We will then 
prove in the next section that Proposition 12.11 follows from these three Lem- 
mas (apart from some exceptional cases, where we will derive Proposition 12.11 
directly-they will be presented in the paper |7J in this series) . As these Lemmas 
are rather technical, we give here the gist of their claims, and also indicate, 
very roughly, how they will imply Proposition 12.11 by virtue of our inductive 
assumptions above. A rigorous proof of how Lemmas 13-11 13.21 and 13.51 imply 
Proposition 12.11 will be given in section [4] of the present paper. 

General Discussion of Ideas: We distinguish three cases regarding the 
tensor fields of rank /i appearing in (|3.1[) . In the first case, some of the /i- 
tensor fields (indexed in L^) have special free indices belonging to factors 
StV^RijklEn In the second case, none of the /i-tensor fields (indexed in L^) 
have special free indices belonging to factors S^V^iZyjy, but some have spe- 
cial free indices in factors yWAjuFI In the third case, there are no special 
free indices in any /i-tensor field in (|3.ip . The three Lemmas 13.11 13.21 and 13.51 
correspond to these three cases. 

A note: It follows that in the first case above, the /i-tensor fields in (|3.1|) of 
maximal refined double character will have a special free index in some factor 
iS*V^ Rijki (this follows from the definition of maximal refined double charac- 
ter, Definition 1 2. 7| . It also follows that in the second case the /i-tensor fields of 
maximal refined double character will have a special free index in some factor 
V^" 1 ) 'Rijki, while in the third case, the maximal /i-tensor fields will have no 
special free indices. We now outline the statements of the Lemmas 13.11 13.21 13.51 

In the roughest terms, in each of the three cases above, the corresponding 
Lemma states the following: We "canonically" pick out some sub-linear combi- 
nation of the maximal /i-tensor fields (for this discussion we denote the index 

Max 

set of this sublinear combination by L p C L^). In the first two cases, we 

consider each cfg %1 '" %li , I £ L„ ax and canonically pick out one (or a set of) 
special free indices. For the purposes of this discussion, we will assume that we 
have canonically picked out one free index, and we will assume it is the index 
* in each <^---\ Z e 1^°*. 

21 Lemma 13.51 also relies on certain preparatory Lemmas, 13.31 13.41 which will be proven in 

22 Recall that a special free index in a factor SVVM-Rjj kl is one of the indices j,, 
23 Recall that a special free index that belongs to V' m '-Rijfc; is one of the indices i,j,k>l 
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A rough description of the claim of Lemmas l3.ll and l3.2t For Lemmas 
13.11 and 13 - 21 our claim is roughly an equation of the form: 



aiXdiv i2 . . . Xdiv. ht C l g ' n -^\7 h cf) u+1 
+ Y a„Xdiv l2 . . .Xdiv^C^ il -^V ll c/) u+1 

+ a p Xdiv l2 . ..Xdiv ili+1 Cf 1 '- A »+ 1 V il <f> u+1 + OiCg'^V^^+i = 0, 
pep jeJ' 

(3.2) 

which holds modulo longer complete contractions. Here the tensor fields indexed 

M ax 

m U N 1J P are " acceptable" in a suitable sense. Also, the [fi — l)-tensor 

fields indexed in L p have a specified "simple character" K,' simp (in a suit- 
able sense), where this '"simple character" encodes the pattern of which factors 
the different terms V0i, . . . , V(f> u , V<fi u +i are contracting against. Also, all the 
(fi — l)-tensor fields indexed in N have this "simple character" n' simp , but they 
are "doubly subsequent" (in a suitable sense) to the tensor fields indexed in 

L„ . Finally, the complete contractions indexed in J' are "simply subsequent" 
(in a suitable sense) to K' simp . Note: The tensor fields in (|3.2[) will not always 
be in the form (|2.2p . thus our usual definitions of "character", "subsequent" etc. 
do not immediately apply. 

A rough description of the claim of Lemma 13. 5t Now, we can roughly 
describe the claim of Lemma l3. 51 (which is the hardest of the three): We "canon- 
ically" pick out a sub- linear combination of the maximal ^-tensor fields in (|3.1|) , 

Max 

(we again denote the index set of this sublinear combination by L p ) . For each 

/x-tensor field C^'* 1 / £ L^ Iax , there is a "canonical way" of picking out two 
factors: The "critical factor" and the "second critical factor" We distinguish 
cases based on the number of free indices belonging to the second critical factor. 
Case A corresponds to the case where there are at least two such; in that case, 
we assume that the indices t x , j 2 belong to the second critical factor. We then 
introduce a formal operation that erases the index ^ , and adds a new derivative 

free index (denote it by Vi.) onto the critical factor. For each I g ax , we 
will denote the resulting tensor field by C g ' %2 We also consider the tensor 

field Cg 1,2 Vi 2 u +i that is obtained from it by contracting the free index 12 
against a new factor Vj 2 <£ u +i. This new, (fj,— l)-tensor field has a (u+ l)-simple 
character which we will again denote by K' simp ■ The claim of Lemma 13.51 is that 
an equation of the following form holds: 



24 In fact, we may have a set of critical factors, and a set of second-critical factors, but for 
this discussion we will assume that they are unique, for each tensor field indexed in L ax . 
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aiXdiv t3 . . . Xdiv lii Xdiv l ,C l g ' l2 - l ^' l 'V l2 <j) u+ i + 
^ a„Xdiv l2 . ..Xdiv^C^-^Vi^u+x 

ueN (3.3) 
+ a P Xdiv l2 . . .Xdiv ili+1 C$' il - i » +1 V il <l> u + 1 
peP 

+ ^a i Cf 1 Vi 1 u+1 = O; 
je.J' 

here the tensor fields indexed in N are acceptable and have a simple character 
K' simp , but they are doubly subsequent to the tensor fields in the first line. The 
tensor fields in P have rank > fi— 1 (but they may fail to be acceptable), while 
the complete contractions in J' are simply subsequent to K,' simp . 

3.3 The rigorous formulation of Lemmas 13. 1L 13. 2L 13.51 : 

Consider equation (|3.1|) . Denote by L^f ax C the index set of the tensor fields 
of maximal refined double character (recall there may be many maximal refined 
double characters). A note is in order here: As explained (roughly) in the above 
discussion, in order to state our Lemmas we will be "canonically" picking out 
some factor, and contracting one of its free indices against a new factor V^+i. 
In particular, for Lemmas 13. II and 13.21 we will be defining a "critical factor" for 
the tensor fields in the equation (|3.ip , while for Lemma 13.51 we will be defining 
both a "critical factor" and a "second critical factor" for the tensor fields in 
(|3.ip . We will make a preliminary note here regarding these notions: 

Note on "critical factors" : The "critical factor" (or factors) will be defined 
for each of the tensor fields or complete contractions in (|3.ip . In other words, 
once we specify the critical factor(s), we will be able to examine any tensor field 
Qr com -pi e ^ e contraction in (|3.ip and unambiguously pick out the 

(set of) critical factor(s) in C g ' n '" 10 or C 3 g . In particular, the critical factor (or 
set of critical factors) will be defined to be one of the following: Either it will be 
a factor V^O a , for some particular value of a, 1 < a < p, or it will be defined 
to be the curvature factor that is contracting against a given factor \7(f>b, for 
some chosen value of b, 1 < b < u, or we will define the set of critical factors 
(in each of the contractions in (|3.ip ) to stand for the set of curvature factors 
V^Rijki that are not contracting against any factors V^>&. 

In order to avoid confusion further down, we will also remark that the way 
the critical factor is specified is by examining the ^(-tensor fields in (|3.ip that 
have a maximal refined double character. Nonetheless, once the critical factor(s) 
has (have) been specified, we will be able to look at any tensor field or complete 
contraction in (|3.ip and pick it (them) out. All this discussion is also true for the 
"second critical factor" (which will only be defined in the setting of Lemma [3~5]) . 
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Rigorous formulation of Lemma l3.lt 

Our first Lemma applies to the case where there are /i-tensor fields in (|3.ip 
for which some factors S*V^R,jki have special free indices (this will be called 
case I). 

In each C 1 / 1 "^ , I e Lff ax ^ we pick out the factors T x = SM u) Rijkl 
with a special free inde^F^I (observe that by the definition of "maximal" refined 
double character and by the assumption in the previous paragraph there will be 
such factors in each tensor field indexed in L^f ax ). 

Among those factors, we pick out the ones with the maximum number of 
free indices (in total). We denote this maximum number of free indices by M. 
It follows from the definition of ordering among refined double characters that 
this number M is universal among all Cg' n - Z ", I € Lff ax . 

Definition 3.1 For each I € Lff ax we list all the factors S^V^ Rijkl which 
contain a special free index and also have M free indices in total: {Fi, . . . F a }. 
If at least one of these factors Fh is contracting against at least one factor V<%, 
then we define the critical factor to be the factor from the list above which is 
contracting against the factor with the smallest value for b (say Min). If 
no factors Fh in the above list are contracting against V0£ 's, then we define the 
critical factor to be the factor from the list above which is contracting against 
the factor V</> r for the smallest value for r (say Min). 

We then denote by L*^ C L^f ax the index set of the tensor fields of 
maximal refined double character C^ 1 '"' 1 " f or which the factor S.V^iJyjy that 
is contracting against "S/^Min or ~^4>Min, respectively, contains M free indices 
in total and one of them is special. 

Let us observe that there exists some subset Z' Max C Zmox so that: 

Lff; M x in = U u '- ( 3 - 4 ) 

Now, with no loss of generality (only for notational convenience) , we assume 
that for each I e Lf?Mim tne critical factor S*V( u 'Rijki against which V^Min 
contracts has the index k being the free index ^ . We also recall that K S i m p is 
the simple character of the tensor fields indexed in L M . We will then denote by 

the refined double character of each C g ' 1 ' ** , I £ L z , z £ Z' Max . 
Under the assumptions above, our claim is the following: 

Lemma 3.1 Assume hS.l)) , with weight —n, real length a , u = $ and o\ + o~i 

factors V 1 - 7 ^ Rijki 7 SfV^ Rijki -assume also that the tensor fields of maximal 
refined double character are not "forbidden" (see Definition \2.12}) . Suppose that 
there are \i-tensor fields in i2.3\) with at least one special free index in a factor 

25 L^f ax := U 2 gz M ^ z i s the index set of /i-tensor fields of maximal refined double char- 
acter in l|3-H . 

"Recall that a special free index in a factor S^V^Ra f-l is one of the indices 
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iS*V^ Rijki ■ We then claim that there is a linear combination of acceptable 
tensor fields, 

pep 

each with b > fj, + 1, with a simple character K s imp and where each 
C| ,ll "" H (Oi, . . . , ftp, 0i, ... , 4> u ) has the property that the free index ^ is the 

index t in the critical factor S^V^ Rijki against which V<f)Min is contracting, 
so that modulo complete contractions of length > a + u + 2: 

^ aiXdiv l2 . . . XdiVi^C 1 / 1 "'" (fii, . . . , O p , <£i, . . . , u )V 2l M+ i + 
^ a v Xdiv i2 . . . \<ln; J". ' '• . . . , Sl p> <j> x , . . . , u )V 41 u+ i- 

f£iV 

a p Xdiv i2 . ..XdiVi b C^ M - tb (Sl 1 , . . . , O p , <f>\, . . . , 4> U )V it (j) u+ i = 

peP 

y]atC^' % *(Cli, . . . ,ft p ,(j>i, . . . ,^u)Vi,0 u +i- 
teT 

(3.5) 

Here each Cg' 11 " lfI (Oi, . . . , f2 p ,<^i, . . . ,0 tI )Vi 1 u +i is acceptable and has a sim- 
ple character k si mp (and j t is again the index k in the critical factor S^V^ Rijki) 
but also has either strictly fewer than M free indices in the critical factor or is 
doubly subsequent to each k z , z G Z' M . Also, each 

Cg' l *(fli, . . . , Cl p , (pi, . . . , </>u)Vj„<^ tt +i is in the form \2.1\) and is either simply 
subsequent to K s i m p or 

C*' 1 * (ri i , . . . , ttp, cf>i, ... , U ) /ias a u-simple character K S i mp but the index ^ is 
not a special index. All complete contractions have the same weak (u + 1)- simple 
character. 

If we can prove the above then (as we will show in the next subsection) by 
iterative repetition we can reduce ourselves to proving Proposition 12.11 with the 
extra assumption that for each I 6 there are no special free indices in any 
factor S^V^ Rijki- Lemma 13721 will apply to this subcase. 

Rigorous formulation of Lemma 13. 2t 

We now assume that all /i-tensor fields in (|3.ip have no special free indices 
in factors S.V^iJyjw, but certain /z-tensor fields do have special free indices 
in factors V^ m ^i?ijfc/-this will be called case II. We will then pick out those 
/i-tensor fields in (|3.ip that have special free indices in factors V*- m ) Rijki- (If 
there are no such tensor fields, we may proceed to Lemma l3.5p . 

In order to state our Lemma we will need to define the critical factor (or set 
of critical factors) for the tensor fields appearing in (|3.1|) , in this setting: 
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Definition 3.2 Firstly we consider the case where there are factors V^Rij 
with two special free indices among the /i-tensor fields in \3.1\) . We will define 
the critical factor (s) in that setting: 

Among all the ^-tensor fields with maximal refined double characters in iS.l}) , 
we pick out all the factors V*- m ^ Rijki with two special free indices. Among those 
factors, we pick out the ones with the maximal total number of free indices, say 
M > 2. Denote that list by {Ti, . . . TJ. (All the T l 's are in the form V {m} R i3 ki )■ 
We inquire whether any of the factors T\, . . .T n are contracting against a factor 
V4>h ■ If so, we define the critical factor to be the factor Ti that is contracting 
against the factor V0 O for the smallest o. If none of the factors Ti, . . . , are 
contracting against a factor V0/j we define the set of critical factors to be the 
set of factors V^Rijki which are not contracting against any factor V0h,. 

The same definition can be applied to define a critical factor in the case 
where there are no factors V^" 1 -* Rijki with two special free indices but there are 
factors V^Rijki with one free index (list them out as {Ti, . . . , T^i} and proceed 
as above). 

Now, we index the maximal /j,-tensor fields with M free indices in the critical 
factor in the index set LLez' L z C L u . 

Zti Max ^ 

Definition 3.3 For each z £ Z' Max define I* j C T (recall that I\ stands for 

the set of free indices in the tensor field Cg ix "' i>l ) to be the set of special free 
indices that belong to the critical factor ( if it is unique ), or to one of the critical 
factors. 

Note: By virtue of the definition of the maximal refined double characters 
and of the critical factors, we observe that for any two h.h £ I L c7 < L z , we 

will have |i*,;J = \h,i 2 \. 

Now, for each z £ Z' Max we consider the (/it — l)-tensor fields in the linear 
combination 

E a ' E c l ^-^(n u ...,%^ 1 ,...A u )v lh cj )u+1 

and we will write them as a linear combination of (/j, — l)-tensor fields in the 
form (|2.2p (plus error terms-see below): 

For each I £ L z , z £ Z' Max and each ,- h £ T j (we may assume with no 
loss of generality that i h is the index j in some factor V^™ 1 ' Rijki), we de- 
note by (jg 11 '" 1 " (Oi, . . . , ftp, 0i, ... , 0„)V 'i h (f> u +i the tensor field that arises from 
C fl ' tl '" t "(f2i, . . . , Op, 0i, . . . ,0„)V ih u+ i by replacing the expression 

^r^'..r m Ri h jkl^ ih 4>u+i by an expression S*vi" l }. rm Ri hjk i¥ lh 4> u +i- By the first 
and second Bianchi identity, it then follows that: 

(^• il - i "(O 1) ...,fi p ,0i,...,0„)V ih 0„ + i = 

C 1 / 1 -*- (ftl, . . . ,fi p , 01, . . . , 0„)V ih 0„+l+ ^ ^ 

^a t C*' il - < "(ni,...,Qj ) ,0i,...,0 ll )Vi h u+ i, 
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where each Q g ' n — t '' _ _ ^ fa,..., ' ih (f> u+ i has the factor Vfa+i con- 
tracting against a derivative index in a factor V*-™-* Rijki-see the statement of 
Lemma 13.21 

We denote by K,' simp and k z the (u + l)-simple character (respectively, the 

(u + — l)-refined double character) of the tensor fields C g ' n "' v Vi h <fi u +i, 
I E L z ,z e Z' Max . (We observe that for each I E L z , z G Z' Max the simple 

characters of the tensor fields Cg 11 "' v Vi h fa + i will be equal). 

Lemma 3.2 issume i lff. 1\) with weight —n, real length a, u — $ and o\ + 02 

factors "SI^" 1 } Rijki, S*V^ Rijki- Suppose that no fi-tensor fields have special 
free indices in factors S*V^ R%jki> but some have special free indices in factors 
V*-" 1 ) Rijki ■ In the notation above we claim that there exists a linear combination 
^2deD a dCg' n ' ■■■• lb (£li, . . . , ftp, fa, . . . , fa, fa+i) of acceptable tensor fields with 
a (u + I) -simple character K>' simp and rank > fx, so that: 

zZ ai Xdiv ll ...Xdiv lh ...Xdiv^C l g ' n ---^(fl l7 ...,n p ,(j) 1 ,...,(t) u ) 

fa)^iifa+l 

- Y a dXdiv n . ..XdiVi h C^ iu -' ib (ni, ...,fl p ,fa,.. . ,fa,fa +1 ) = 
J2a t C t g < i *(Q 1 ,...,Sl p ,fa,..., fa, fa)^i,fa+i> 

tGT 

(3.7) 

where the (/i — l)-tensor fields C g ' 1 "' " (Oi, . . . , Q p , fa, . . . , fa)Vi 1 (f> u +i are ac- 
ceptable, have (u + l)-simple character K,' simp but also either have fewer than M 
free indices in the factor against which Vi h fa+l contractsl^j\ or are doubly sub- 
sequent to all the refined double characters k z , z G Z' Max . Moreover we require 
that each Cg' Xl has the property that at least one of the indices ri , . . . , Tv , j in 
the factor S*Wr2--r v RijH * s neither free nor contracting against a factor Vfa, 
h < u. The complete contractions C g ,u (0,%, . . . , Q p , fa, . . . , fa, fa)^i,fa+i are 
in the form \2.1\) and are simply subsequent to K,' simp . 

We will show in section 2] that if we can prove the above, then we can re- 
duce ourselves to proving Proposition 12.11 when none of the /z-tensor fields in 
the Lemma hypothesis have special free indices. Lemma 13.51 will apply to that 
setting: 

Rigorous formulation of Lemma 13. 5t 



; Fewer than M free indices" where we also count the free index j. . 
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Recall that we have grouped up the /^-tensor fields C g ' n '" lf ' according to 
their refined double characters: YlieL a l^g' n = J2zez J2iel z ai ■ ■ ■ ■ We 
have then picked out the sublinear combinations in X^zei o,iO g ' il '" i> ' which con- 
sist of tensor fields with the same maximal refined double character. Thus we 
obtain a sublinear combination X^ez ^2iel z a i^g 1 ^ ■ 

Now, in order to state our Lemma we will distinguish two further subcases; 
first we must introduce some more terminology. 

We will again define the critical factor for the tensor fields in (|3.f [) : 

Definition 3.4 Consider all the fi-tensor fields of maximal refined double char- 
acter in \3.1\) . and let M stand for the maximum number of free indices that 
can belong to a given factor in such a /i-tensor field (we call these "maximal" 
/i-tensor fields). We then list all the factors that appear with M free indices 
in some maximal /i-tensor field in H3.1\) : {T\, . . . , T^}. If at least one of those 
factors Ti is of the form V^O/j, we define the critical factor to be the factor 
V^ p 'flh i n ^e list {Ti, . . . , T v } with the smallest value h. If none of the factors 
in that list are in the form VWfij,, we inquire whether any factors in the list are 
contracting against factors W4>h (or V<j)h)- If so, we define the critical factor 
in \3.1\) to be the factor in the list {Ti, . . . ,T W } that is contracting against the 
factor Viph (orVcj)h) with the smallest value ofh. Finally, if none of the factors 
in the list {T±, . . . , T^} are contracting against a factor \74>h (or ^4>h) (so all of 
them must be in the form V( m >Rijki ), then we declare the set of critical factors 
to be the set of factors V^Rijkl that are not contracting against any W<j>h to 
be critical factors. 

In addition to the critical factor, we now define the second critical factor in 
(|3.f p . The definition goes as follows: 

Definition 3.5 Consider any of the maximal /i-tensor fields in 13.1]) . Cg tl '"' lli , 
I € UzgZm L z ■ If the critical factor is unique, we construct a list of all the non- 
critical factors T that belong to one of the tensor fields Cg il '"' %>l , I G Uzez' L z 
Suppose that list is {Ti, . . . ,T„}. 

We then pick out the second critical factor from that list in the same way 
that we pick out the critical factor in definition \3.4\ 

If there are multiple critical factors, we just define the set of second critical 
factors to be the set of critical factors. 

In either case, we denote by M' the total number of free indices that belong 
to the (a) second critical fator. 

Now, an important note: The "critical factor" (or factors) in (|3.1j) has been 
defined based on the maximal refined double characters L z , z G ^ ai ax • Nonethe- 
less, once we have chosen a critical factor (or a set of critical factors) for the 
set Cg' 11 -"* , I G [Jzez> 

L z , we may then unambiguously speak of the critical 
factor (s) for all the tensor fields and complete contractions appearing in (|3.1|) . 
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The two cases for Lemma [X5l - We now distinguish two cases on (|2.3p : We 
say that (|2.3[) (where no tensor fields contain special free indices) fall under case 
A if M 1 > 2. It falls under case B if M' < 1. 

Now, we will state Lemma 15751 after we first state a few extra claims. These 
claims will be proven in the paper [5] in this seriesF^I 

The extra claims needed to state Lemma \3.5\ 

In order to state Lemma 13.51 we must first show some preliminary results. 
We introduce some definitions: 

We denote by L* C the index set of those tensor fields C g ' 11 '" l> ' in (|3.ip 

for which some chosen factor Vrfir A Oj (the value x which determizes this 
factor will be chosen at a later stage; we may also not choose any such factor 
Vrf.l.r-A^a;, m which case we set L* = 0) has A — 2 and both indices ri , ra are 
free indices. 

Also, we define L+ C to stand for the index set of those //-tensor fields 
that have a free index (j say) belonging to a factor S*RijkiV l <f)h (without 
derivatives) and in fact j = j . 

We also denote by 

5^a I c^ i - i "(n 1) ... ) np,0 1 ,...,^ u ) 

lei 

a linear combination of acceptable //-tensor fields with simple character K S imp 
which do not have special free indices and does not contain tensor fields in any 
of the above two forms. 

Lemma 3.3 Assume (3.1)) , where the terms in the LHS of that equation have 
weigh —n, real length a, <& factors V0, V</>', V<p and o\ + 02 curvature fac- 
tors V^Rijki,S*VWRijkiiB assume also that no \x-tensor field there has any 
special free indices. We claim that there is a linear combination of acceptable 
(/t + 1) -tensor fields, J2 P ep cipCg' ll "' tlJ ' +1 (fli, . . . , Q p , <f>\, . . . , <j) u ) with a simple 
character K s imp so that: 

28 These claims involve much notation and are rather technical. The reader may choose to 
disregard them in the first reading, as they are not central to the argument. 
29 See the discussion on the induction in subsection l3.ll 
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atC*/ 1 -'" (fii, . . . , Op, 0i, . . . , ct> u )V it v . . . Vi„v+ 

i^K u l+ 

apXdivi^Cf^+i (Jli, . . . , fip, 0i, . . . , 0„)V il u . . . V v u = 

peP (3.8) 
X (fii, . . • , fip, • • • , 0u)V n u . . . V v 



aiC 1 / 1 -*- (fli, . . . , O p , 0i, . . . , 0„)V ll u . . . V v u, 



modulo complete contractions of length > <7+lt+/x+l. TTie tensor fields indexed 
in J on the right hand side are simply subsequent to K s imp- 

Assuming the above Lemma, by making the Vf's into Xdivs (see the last 
Lemma in the Appendix of [3]) and replacing into (|3.ip we are reduced to show- 
ing our Proposition 12 . 1 1 under the additional assumption that L* (J L+ = 0. So 
for the rest of this subsection we will be assuming that L* (J = 0. 

We now consider the sublinear combination indexed in L \ L^{= L >fl ) in 
(13. We define L" C £ M to stand for the index set of tensor fields with a 
factor RijkiV ''4>h for which both indices j, k are free. 

Now, we denote by 



l£L' 



a generic linear combination of acceptable (fi + l)-tensor fields that do not 
contain tensor fields in the form described above. We then claim: 



Lemma 3.4 Assume LS.1\) with weight —n, real length a, u — $ and cri+o~2 fac- 
tors V^ m ^i?i,'fcii iS*VO^i?ijfcj@ assume also that none of the fi -tens or fields have 
special free indices, and that L^[JL^ = 0. We claim that there exists a linear 

combination of acceptable (/i+2) -tensor fields, ^2 peP a p Cg' n '" l ^ +2 (fii, . . . , Q p , 0i, . 
with simple character K s i m p, so that: 

aiXdiv ix . . . Xdivi^C 1 / 1 -^ (Oi, . . . ,J2p, 0i, . . . , U )+ 

£ OpJfdit;^ . . . Xdivi^C^" 4 ^ (fii, . . . , O p , 0i, . . . , 0„) = 

yjoj (7^(01, 0i, ...,0«) 

+ ^ oiJTd*^ . ..Mv^-^'fOiv .. ,np,0i, ...,0„), 

ZGi' 



(3.9) 



'See the discussion in subsection l3.ll 
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modulo complete contractions of length > a + u + 1. ■ ■ ■ stands for a linear 

combination of complete contractions that are simply subsequent to K s i mp . 

We observe that if we can show the above, then replacing into (|3.ip we are 
reduced to proving Proposition 12.11 under the extra assumptions that 
L* (J L+ (J L" =0. So for the rest of this section we will be making that as- 
sumption. The proof of these two Lemmas is given in the paper [5] in this series. 

Notation and language conventions for Lemma \3.5l Recall the two cases A, 
B. We will first formulate our claim in case A (where M 1 > 2). We introduce 
some notation. 

We define Z' Max C Z Max as follows^] z e Z' Max if and only if d/ 1 -*" ,1 E L z 
has M' free indices in the second critical factor (see definition 13.51) . 

Now, we first consider the case where there is a unique second critical factor 
in (|3.1|) . For each I 6 L z , z <E Z' Max , we assume with no loss of generality 
that the indices ^ , i 2 belong to the second critical factor, and that the index 
i t is a derivative index (the second assumption can be made since all /x-tensor 
fields in (|3.ip have no special free indices now; hence if two free indices belong 
to the same factor, one of them must be a derivative index). We then denote 
by (7 g >' i2 ---V' l » (f]^ ^ r)^ l5 . . . ; (f) u ) the tensor field that formally arises from 

C l g ' n ■'■ l "(f2i, . . . , ftp, (f>\, ... , 4> u ) by erasing the free index ix from the second 
critical factor and adding a derivative index Vi, onto the critical factor, and 
making the index free. We denote by L z ^ the (u + 1,/x — l)-refincd double 
character of these C'g l2 ''' v,l *(Sli,..., Op, u )Vi 2 </) tl+ i, I <E L z ,ze Z' Max . 

Now, the case where there are multiple second critical factors: If there are 
k > 1 second critical factors T\, . . . in (|3.1[) . then for each C g ' Zl '" 1 ' 1 , I <E L z ,z <E 
Z Max we denote by {it, . ..i a }, {i a+ i, ... i2a}, ••• ,{i(k-i)a+i, = the set 
of free indices that belong to T\, . . . ,Tk respectively. We will be making the 
assumption (with no loss of generality, for the reason explained in the previous 
paragraph) that the index it a +i is a derivative index for every t = 0, 1, . . . , k— 1. 

We then denote by W» the tensor field that arises from Cg'* 1 '" 1 " by 

erasing the index ita+i and adding a free derivative index ^ onto the (a) critical 
factor (and adding, if there are multiple critical factors). 

In both cases above we define K~j~ imp = Simp(L z '$), for some z 6 Z' Max 
(notice that the definition is independent of the element z 6 Z' Max ). 

A note is needed regarding this definition: In the case where the set of critical 
and second critical factors coincide, then when we "add a free derivative index 
i t onto (a) critical factor" , we will be adding it on any critical factor other than 
the one to which i ta+2 belongs. Observe that for any I = 0, 1, . . . , k the tensor 

fields Cg n " v ' 1 * V tct+ 20 u +i have the same (u+ — l)-refined double 

character, which we again denote by L z >$, z e Z' Max (as in the case of a unique 
second critical factor). 

31 Recall that U z gz M L z C Ly, stands for the index set of the /i-tensor fields. 
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One last language convention: For uniformity, in case A of Lemma 13.51 we 
will call the (set of) second critical factor (s) the (set of) crucial factor (s); in 
case B of Lemma I3.5l we will call the (set of) critical factor(s) the (set of) crucial 
factor(s). 

Our claim is then the following: 

Lemma 3.5 Assume \S.l)) with weight —n, real length a, u — $ and o~\ + 

£72 factors V^ m ^Rijki,S^S7^Rijki, and additionally assume that no /i-tensor 
field in hS.l}) has special free indices; assume also that L* 1J L+ 1J L" = (in 
the notation of the extra claims above). Recall the cases A, B that we have 
distinguished above. 

Consider case A: Recall that k stands for the (universal) number of second 
critical factors among the tensor fields indexed in \J zeZ / L z . Recall also that 
for each z 6 Z' Max a is the number of free indices in the (each) second critical 
factor. We claim that: 



( 2 ) E E ai E Xdw ^ ■ ■ ■ X,, "-' { 'u (Or, . ■ • , ft,, fa, • • ■ , 4> u ) 

Vi ra+2 c/> n+ i + ^ a v Xdiv l2 . ..Xdiv^Cg' ll -'^(tti, . . . , O p , fa, . . . , 4> u )^hfa+i+ 
^ a t Xdiv h . . . Xdiv izt Cg ll '" lzt (O x , . . . , Q p , fa, . . . , fa+i) + 
^ a t Xdiv i2 . . . Xdiv iz C t g %1 '" %zt (O x , . . . , Q p , fa, . . . , fa)V 2l 4> u+ i + 

t£T 2 

^2 atXdiv^ . . . Xdiv iz C t g %1 '" % ' t (0 1; . . . , fi p , fa, . . . , fa+i) 

t£T 3 

(+ ^2 atXdiv^ . . . Xdiv izt Cg n '" l ' t {Qi, . . . ,n p , fa, . . . ,</> u+1 )) = 

t£T 4 

}^a j C 3 g (Q, 1 , ...,Cl p ,fa,.. .,fa + i) = 0, 

(3.10) 

modulo complete contractions of length > a + u + 2. Here each C g ' H '" , ' f> is 
acceptable and has a simple character K^ imp and a double character that is doubly 
subsequent to each L z ^,z € Z' Max . 

^2 a t Cg ll '" tzt (Q,i,...,Q p ,fa,..., fa+i) 
teTi 

is a generic linear combination of acceptable tensor fields with a (u+ \)-simple 
character K^ imp ), and with z t > [i. 

^2 atCg' 1 '" 1 '* (fii, . . . ,fl p , fa, . . . , <j) u ) 

t€T 2 
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(zt > fJ> + 1) is a generic linear combination of acceptable tensor fields with a 
u-simple character K s imp> with the additional restriction that the free index ^ 
that belongs to the (a) crucial facto%^\ is a special free mrfexF^l 

Now, ^ tgT2 OjCg Il "'* it (f2i, . . . , fip, 0i, . . . , is a generic linear com- 

bination of acceptable tensor fields with (u + 1) -simple character K^ imp and 
z t > an d moreover one unacceptable factor Vf2/j which does not contract 

against any factor V0t . 

The sublinear combination X)tgT 4 * ■ • a PV ears only if the second critical fac- 
tor is of the form V^'fifc, for some k. In that case, t € T4 means that there 
is one unacceptable factor Vf2fc, and it is contracting against a factor V0 r : 
Vi51fcV l 0r; and moreover if z t — [i then one of the free indices j i; . . . , 1 is a 
derivative index, and if it belongs to V^fih then B > 3. 

Finally, 

djCgi^l, ■ • ■ , ^p, 01, ■ ■ • , 0« + l) 

jeJ 

stands for a generic linear combination of complete contractions that are u- 
simply subsequent to K, s imp- 

In case B, we just claim the whole of Provosition [Ol 

Note: Lemmas 13. II 13.21 13.51 (and also Lemmas l3.3l I3.4[) will be proven in the 
final paper [8] in this series. In the remainder of the present paper we will show 
that these three Lemmas imply the inductive step of Proposition 12.11 



4 Proof that Proposition 12.11 follows from Lem- 
mas SZL], D, GE2 (and Lemmas Q, ED - 

4.1 Introduction 

General Discussion: In this section we will show how the inductive step of 
Proposition 12.11 (see the discussion in the beginning of the last section) follows 
from Lemmas I3.1H3.5I (apart from certain special cases where we will prove the 
inductive step of Proposition 12.11 directly, without using Lemmas 13.11 13.21 and 
13. 5p . We stress that in this derivation, we will be using the inductive assumption 
on Proposition ^. II We also repeat that when we prove the Lemmas I3.1H3.51 we 
will be using the inductive assumptions on Proposition ^. II 

More precisely, we will show that Lemmas 13.11 13.21 13.51 imply the inductive 
step of Proposition 12.11 by distinguishing three cases regarding the assumption 

32 i.e. the second critical factor, in this case 

33 Recall that a special free index is either an index j., ; in a factor S* Rijkl or an internal 
index in a factor V' m ' Rijkl- 

34 If zt = n then we additionally claim that V<£ u +i is contracting against a derivative index, 
and if it is contracting against a factor V' s 'f2ft then B > 3; moreover, in this case Q 
will contain no special free indices. 
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of Proposition 12.11 (recall that the assumption is equation (|3.1[1 ). The cases 
we distinguish are based on the maximal refined double characters among the 
/x-tensor fields in (|3.ip : 

Recall that the (u, /i)-rcfmed double characters L z , z £ Z' Max are among the 
maximal (u, /i)-refined double characters in (|3.1[) . We have then distinguished 
cases I, II, III as follows: If for any L z ,z £ Z' Max there is a special free index 
in some factor S*V^Rijki, then we declare that (|3.1[) falls under case I of 
Proposition I2.l(^l If for L z , z £ Z' Max there are no special free indices in any 
factor of the form 5*V^' Rijki but there are special free indices in factors of 
the form X7 [m) R l:jk u then we declare that (|3.1[) falls under case II of Proposition 
I2.lf^l Finally, if there are no special free indices at all in any L z ,z £ Z' Max , 
then we declare that (|3.ip falls under case III of Proposition 12. ll 3 "^! 

In the remainder of this paper we will show that in case I, Lemma [3.11 implies 
Proposition ^. 11 In case II, Lemma I3T21 implies Proposition ^. II while in case III 
Lemma T3. 51 (and Lemmas 13.31 13.41) implies Proposition ^. II 

More precisely, we will show that in the setting of each of the Lemmas 
13.11 13. 2[ 13.51 it follows that for each z £ Z' Max there is a linear combination 
of acceptable (fj, + l)-tensor fields (indexed in P below) with a (u, /x)-double 
character L z so that: 

aiC^-^iQx, ... tl p , </»!,... , cf> u )V ilV . . . V H v 

l£L* 

- Xdiv w a p C p g ' ll - l » +1 (Q u . . . O p , 4> u . . . , u )V il u . . . Vi„u = ( 4 ^ 
teT 

where each Cg'* 1 ""** 1 is subsequent (simply or doubly) to L z . 

Let us just observe how (|4.ip implies Proposition 12.11 Firstly, (|4.1[) shows 
us that the conclusion of Proposition 12.11 holds for the sublinear combination 
indexed in I J L z C I J =7 L z . But then we only have to make the 

V-u's into Xdiv's in the above 38 ! and substitute back into (|2.3[) and we will be 
reduced to proving our Proposition ^. II assuming an equation: 

35 Observe that if this property holds for one of the maximal refined double characters 
L z ,zE Zj foI , it will then hold for all of them. 

36 The observation of the above footnote still holds. 
37 The observation of the above footnote still holds. 
38 See the last Lemma in the Appendix of [3j. 
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zez Ma!C \z' Malc leh* 

Y a t Xdi Vil . . . Xdiv^C*/ 1 -^ (Oi, . . . , il p , (/)!, . . . , U )+ 

(4.2) 

^ aiXdiv n ...Xdivi Cg %1 ''' %l3 (VL 1 ,...,Q, v ,<t) 1 ,...,<j) u ) = 
j'eJ 

where the tensor fields indexed in T are acceptable /z-tensor fields which are 
(doubly) subsequent to the tensor fields in the first line. But then our Proposi- 
tion follows by induction, since there are finitely many (it, /i)-refined double 
characters. 



Technical discussion of the difficulties in deriving (|4.ip from the 
Lemmas 13.11 13.21 13.51 Let us observe that at a rough level, it would seem 
that the conclusions of Lemmas 13.11 13.21 and 13.51 would fit into the inductive 
assumption of Proposition 12.11 because the wegiht is — n, the real length of the 
terms in a but we have increased the number $ of factors V<^>, V0, V0'. Hence, 
if that were true, one could hope that a direct application of Corollary [1] to the 
conclusions of these Lemmas would imply the equation (|4.ip . Unfortunately, 
this is not quite the case, for the reasons we will explain in the next three para- 
graphs. Therefore, there is some manipulation to be done with the conclusions 
of Lemmas 13.11 13.21 and 13.51 in order to be able to apply to them the inductive 
assumption of Proposition ^. II (and hence also of Corollary [1]) , and this manip- 
ulation will be done in the remainder of this paper. The obstacles to directly 
applying the inductive assumption of Proposition ^. ll to the conclusions of Lem- 
mas 13.11 13.21 and 13.51 are as follows: 

Lemma fOl - Here the (/x — l)-tensor fields Cg* 1 '"*" V» 1 ^ u +i m equation (|3 . 5[) 
have the factor V</)„+i contracting against the index & of a factor S*V^"'Rijki- 
Thus, they are not of the form (|2.2p . Therefore, the inductive assumption of 
Proposition 12. II cannot be directly applied to (|3 . 5[) . 

Lemma W3i Here the (p— l)-tensor fields in (|3.7[) are acceptable in the form 
(|2.2p , and the inductive assumption of Proposition 12.11 can be applied to (|3.7|) . 
Nonetheless, if we directly apply the inductive assumption of Proposition 12.11 
to to p.7p . we will obtain an equation similar to (|2.4p . but involving a linear 
combination 



X X c g ^--- l »{n 1 ,... 1 n P: 4> 1: ... 1 <t> u )v lh ^ u+1 v tl v...v lh v...v^v 
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rather than a linear combination 



E E°< E ^ i -v(fi 1 ,...,o p ,^,... ! ^)v ilW ...v i ^ 

as required (the important difference here is the symbol ~ which stands for an 
SVsymmetrization). In other words, in Qg 11 '" 1 '' (fii, . . . , fl p , cf>\, . . . , 0„)Vi h u +i 
some factor \7^ m >Rijki has been S^-symmetrized. It is then not obvious how to 
manipulate this equation to obtain (|2.4[) . 

Lemma Iff. 51 In this case there are numerous obstacles to deriving the in- 
ductive step of Proposition 12.11 from (|3.10[) . Firstly, the tensor fields indexed 
in T3, T4 are not acceptable. Secondly, even if these index sets were empty, the 
tensor fields indexed in T2 do not have the (u+ l)-simple character K~^ imp of the 
tensor fields in the first line of (|3 . 10|) . Lastly, even if this index set T2 were also 
empty, and we directly applied the inductive assumption of Proposition 12.11 to 
(|3.10p . we would obtain a statement involving the expression: 

fc-i 

E E^E^ 1 '"^ 1 "^' 1 *^'---'^^!'--"^) 

V lT . Q+2 n+ iV J2 u. . . Vi.u, 
and this expression is quite different from the expression we need in (|4.1[) . 




4.2 Derivation of Proposition 12.11 in case I from Lemma 

We start this subsection with a technical Lemma that will be needed here, but 
will also be used on multiple occasions throughout this work: 

Lemma 4.1 Let ^2 xeX a xCg' 11 '"' I,3 (f2i, . . . , tt p , <fii, . . . , fa) stand for a linear 
combination of tensor fields, each with rank f3, for some given number (3, and 
with a given simple character K* imp , with real length a > 4 and weight —n. We 
also assume that there is a given factor V^f2 c , y > 1, (c independent of x) 
in each Cg' M '" tf> all of whose indices are contracting against factors V^>@ We 
assume an equation: 

} J a x X*div i:i . . . X*div i/3 Cg' n '"' 113 (CLi, . . . ,Q P , cj>i 7 

xGX 

+ E a l C 9 ' ( 1 ' ' ■ ' ' Q P ' ^ 1 ' ' ■ ' ' ^ ) = ' 

39 If y > 2 then our tensor fields are assumed to be acceptable. If y 
that Vf! c is the only unacceptable factor. 



(4.4) 

= 1 then we assume 
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where X^divi stands for the sublinear combination in Xdivi for which Vj is not 
allowed to hit the factor V^ft c - The complete contractions in J are simply sub- 
sequent to K* imp . We additionally assume that if we formally erase the factor 
V^ft c along with the factors V(j)h that it is contracting against, then none of 
the resulting (3 -tensor fields is "forbidden" in the sense of Definition \2. IM 

We claim that we can then write: 

2J a x Xdiv il . . . XdivipCg' 11 '"* 13 (Hi, 
xex 

a x Xdivi t . . . XdtVipCg ' H '" %f> (fti, 

xGX' 

^2ajC 3 g (fti, ...,fi P) ^i,.. .,&), 
je.J 

where the tensor fields indexed in X' are exactly like the ones indexed in X , only 
the chosen factor V^ft c has at least one index that is not contracting against 
a factor V(/>. The complete contractions in J are simply subsequent to K* imp . 

(Sketch of the) Proof of Lemma \4-.1\ We just apply the eraser to the factor 
V^fic and the factors V</>h that it is contracting against in (|4.4[) , obtaining 
a new true equation. We can then iteratively apply Corollary [1] to this new 
true equation, multiplying by Vr 1 ...r B ftcV ri u . . . V TB v and making all the fac- 
tors Vu into Xdiv's at each stage. This would show our claim except for the 
caveat that in the last step of the above iteration, we might not be able to apply 
Corollary [1] if the tensor fields of maximal refined double character are in one 
of the forbidden forms of Corollary [T] with rank > pi. In that case, in the last 
step we use Lemma IOI below (setting <£> = Vri...r c ftcV T " 1 <?!>/ H . . . V rv 4>h y )- That 
concludes the proof of our claim in this case. □ 

Furthermore, we have a weaker form of Lemma 14.11 when a = 3. We firstly 
introduce a definition that will be used on a number of occasions below: 

Definition 4.1 Consider any tensor field in the form h2.2\) . We consider any 
set of indices, { Xl , . . . , Xs } belonging to a factor T (here T is not in the form 
We assume that these indices are neither free nor are contracting against 
a factor V^. 

If the indices belong to a factor T in the form V^fii then { Xl , . . . , Xs } are 
removable provided B > s + 2. 

Now, we consider indices that belong to a factor V^ m ^ Rijki (and are neither 
free nor are contracting against a factor V<ph)- Any such index x which is 
a derivative index will be removable. Furthermore, if T has at least two free 
derivative indices, then if neither of the indices j , j are free then we will say one 
of i, j is removable; accordingly, if neither of k,i is free then we will say that 
one of k,i is removable. Moreover, if T has one free derivative index then: if 



,tt p ,4>i, ...,&) = 

, ftp, <£i, ... ,<t>b)+ (45) 
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none of the indices i, j are free then we will say that one of the indices i,j is 
removable; on the other hand if one of the indices j, j is also free and none of 
the indices k, i are free then we will say that one of the indices k,i is removable. 

Now, we consider a set of indices { Xl , ..., Xs } that belong to a factor T = 
/SfcV^") Rijki and are not special, and are not free and are not contracting against 
any V</>. We will say this set of indices is removable if s < v. Furthermore, if 
none of the indices ; are free and v > and at least one of the other indices 
in T is free, we will say that one of the indices ; is removable. 

Weaker version of Lemma |4 . 1 1 when a = 3: 



Lemma 4.2 Assume the equation J^.^[ ) when a = 3 and assume additionally 
that every tensor field indexed in X has a removable index. Then J^.<5[ ) still 
holds. 

Proof: The argument essentially follows the ideas developed in the paper [5] . 
Firstly, we observe that (possibly after applying the second Bianchi identity) 
we can explicitly write: 



^2 a x Xdiv n . ..Xdiv il3 C*' n - ia (tti, . . . , Q, p , fa, . . . , fa) = 

cEX 

^ a x Xdiv n . . .XdiVi p Cg ,%1 "' %p (Cli, . . . , Cl p , fa, . . . , fa)+ 



xex 



x -, . . (4.6) 

2^ a x Xdiv h . . . Xdiv^C*' 11 - 1 -' (Q u . . . ,fl p , fa, . . . , fa)+ 

x£X 

2joj-c|(ni, fa,.. .,fa), 

je.J 

where the tensor fields indexed in X have all the properties of the ones indexed 
in X , only they all have rank 7 > (3+ 1, and they also have no removable indices. 
The sublinear combination J2 x ex r ■ ■ • (here and below, when it appears on the 
RHS) stands for a generic linear combination as described in Lemma l4.ll 
We then observe that we can write: 



a x Xdiv lx ...Xdiv i ^C*> il - i "<(n 1 ,...,n p ,fa,...,(f> b ) = 

x£X 

{Const)*Xdiv tl . . . Xdiv^C*/ 1 - 1 -* (Qi, . . . , fi p , fa, . . . , fa)+ 

a x Xdiv ix . . . Xdiv ll3 Cg'' 11 '" 113 (Qi, . . . ,9. p ,fa, . . . ,fa)+ ,4 '' ; 

xex' 

y^0jC^(Oi, ...,n p ,fa,.. .,fa) 

where the tensor field (7*> ll --- l -» [ s zer0 un less o\ = 02 = or o\ = 2 or 05 = 2. 
In those cases, the tensor field C 9 ' 11 " 7 (fii, . . . , fl p , fa, ... , fa) is, respectively: 
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(4.8) 

(here if y > 2 then 6 = 0; if y < 1 then y = 2-b), 

pcontr{V { ^ laUi ^ u R la+lJla+2l ® V« .^^J ® V" 1 ^ ® . . . V^/® 
V<f ) z ^ 3 ® V Z1 /+1 (8) V z ^ u+1 ), 

(4.9) 

p CO ntr(^V^. ) laUl ... tlt ^ a+lla+2i ® V(, r 1 ) .. yi .i? 4 ^ a+3ia+4 i ® VVi ® V*'&® 
V U1 3 ® ■ • ■ V*0/ ® VifL 5 fi 3 V Zl /+ i V 2 '0 U+1 ). 

(4.10) 

Then, picking out the sublinear combination in (|4.7| with only factors \7(f> 
contracting against V( s )f2 c we derive that (Const)* = 0. □ 

Derivation of Proposition 12.11 (in case I) from Lemma I3.lt 

Special cases etc: Now, we return to the derivation of Proposition [2~Tl (in case 
I) from Lemma 13.11 We will be singling out a further case, which we will call 
"delicate" . In this "delicate" case we will derive Proposition 12.11 from Lemma 
13. II by using an extra Lemma (see Lemma 14.31 below - ) . The proof of Lemma 14.31 
will be provided in the Appendix to this paper. 

The "delicate case": The delicate case is when the /x-tensor fields of max- 
imum refined double character in our Lemma assumption have no removable 
free indices, and moreover their critical factor is in the form: S*vi"}..r„Rir v+1 iih 
where all indices ri , . . . , r , r +1 are either free or contracting against a factor 

In that case we have an extra claim, which we will prove in the Appendix: 

Lemma 4.3 For each z S Z' Max , we let L% C L z stand for the index set of 
tensor fields C 9 ' il "' i '*, I S L z for which the index 1 in the critical factor contracts 
against a special index in some factor S*Rijki- 
We claim that for each z G Z' Max ,we can write: 



' V < '••••V, <' X ' V < ''••• V < ''• (4.11) 



40 Notice that by weight considerations and by the definition of maximal refined double 
character, if one tensor field of maximal refined double character has this property then all of 
them will. 
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Here the terms indexed in L' z have all the properties of the terms indexed in 
L z , but in addition the index ; in the critical factor does not contract against a 
special index in a factor S*Rijki ■ 

The derivation of Proposition [Ql (in case I): 

Recall the conclusion of Lemma 13.11 equation (|3.5p . Recall that for each 
tensor field and each complete contraction in (|3.5[) . V(/> u +i is contracting against 
the crucial factor, which was defined to be the factor S*'V^ u 'Rijki in K S imp 
whose index j is contracting against a chosen factor V</>Min- For notational 
convenience, we will assume that Min — 1, i.e. that that index j in the crucial 
factor is contracting against a factor V</>i . 

Define the set Stan to stand for the set of numbers o for which the factor 
V</>o is contracting against one of the indices ri , . . . , , Tv+1 in the crucial factor 

S*W^..,r u Rir v+1 kl- With no loss of generality, we assume that Stan = {2, . . . , q} 
or Stan = (which is equivalent to saying q = 1-we will be using that convention 
below) . 

For convenience, we will assume that for each of the tensor fields appearing 
in (|3.5p the factors V0' 2 , . . . , V<^ are contracting against the indices ri , . . . , rq _ t 

in the crucial factor S^ri...r v R%T V+ xld- 

With this convention, we introduce a new definition: 

Definition 4.2 For each tensor field C 9 '* 1 '"*'' (£1%, . . . , Q p , fa, . . . , fa^V^fa+x, 

Cg' 1 "' "(f2l, . . . ,Q p ,fa, . . . , fa)V it fa + l, Cf' ll '"'' V+1 (fil, . . . , Q p , fa,.. . , fa, fa+l) 

in iS.5\) , we define Cg 12 '" 1 ' 1 (fix, . . . , Q p , Y, fa, ■ ■ ■ , fa), 

Cg^-' l »(n u ...,Q p ,Y,fa,..., fa), Cf 2 '-'^ 1 ^, ...,Q p ,Y,fa,..., fa) to stand 
for the tensor fields that arise by formally replacing the expression 
S^ri...r v Rir v+1 kN 1 4'i^ k fa+i by a factor V;"*^ tJ Y (Y is a scalar func- 
tion). 

We observe that the tensor fields we are left with have length a + u — 1, a 
factor V^ B )y with B > 2, and are acceptable if we set Y — Q p +i- We observe 
that all these tensor fields have the same (u — l)-simple character (where we 
treat the function Y as a function Q p+ i), which we denote by K S i mp . 

We also note that each of the tensor fields C g ' %2 '" % ' 1 (fix, . . . , Q p , Y, fa, . . . , fa), 
C^-^fix, ...,Q p ,Y,fa,..., fa), (■;:•■ ;<>,. ...,Q p ,Y,fa,..., fa) will have 
the property that the last index ; in V^F (in the tensor field 
Cg 12 '" 1 ' 1 (Qi, . . . , Q p , Y, fa, . . . , fa)) is neither free nor contracting against a fac- 
tor V </>/,.: This is because the last index ; in V^Y corresponds to the in- 
dex i in the crucial factor 5*Vri...r„-Rir„ + ifc/ ^ % fa ^ k fa+i of the tensor field 
Cg 11 '" 1 ' 1 (Qi, . . . , Q p , fa, ... , fa), and this index is neither free nor contracting 
against any factor Vfa by hypothesis. 

We claim an equation: 
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a i Xdiv i* ■ ■ ■ xdiv^c 1 / 2 -^^, ...,n p ,Y,fa,...,fa)+ 



a v Xdiv l2 . . . Xdiv^C 1 / 2 - 4 "^, . . . , Q p , Y, fa, . . . , fa)- 

(4.12) 



V w ff v 1 ' ' ' ' ' P 

^ a p Xdiv l2 . . .XdiVi ll+1 C^' l2 - tfl + 1 (fli, . . .,Q. p , Y,fa, ... ,<p u ) = 
pep 

J2a t c t g (n 1 ,...,n p ,Y,<p2,...,<t>u), 

teT' 

which will hold modulo complete contractions of length > a + u. Here the right 
hand side stands for a generic linear combination of complete contractions that 
are simply subsequent to k S imp- 

Proof of {J^.lSty : Since the argument by which we derive this equation will 
be used frequently in this series of papers, we codify this claim in a Lemma: 

Lemma 4.4 Consider a linear combination of acceptable (7 + l)-tensor fields, 
Sxex flzCg' 41 (Oi , . . . , J7 P , fa, . . . , fa), all in the form K2. 2\) with weight 
—n and with a given simple character ~K S i mp . Assume that for each of the tensor 
fields then the index ^ is the index k in a given factor S*V^ Riju , for which 
the index i is contracting against a chosen factor Vfa (wlog we will assume 
w = 1). Assume that ~^2 zGZ a z Cg' tl '"' i,! * +1 . . . ,il p , fa, . . . , fa) is a linear 
combination with all the features of the tensor fields indexed in X , only now 
each e z > 7. Assume an equation: 



^2 a x Xdiv l2 . . .Xdivi^.C^-^+^VLi, . . . ,9. p ,fa, . . .,0 u )V il 0„ +1 
+ a z Xdiv l2 . . .Xdiv l ^Cg' n '"'' lt ' +1 (n 1 , . . . , Q p , fa, . . . ,fa)V ix fa + \ = 
^2 a i C g 11 (^1 , ■ • ■ , 0i , ■ ■ • , 0«) V n u+ i ; 

(4.13) 

here the vector fields in the RHS have a u-weak character Weak(~K S i mp ) and are 
either simply subsequent to K S imp or have one of the two factors Vfa, Vfa+i 
contracting against a derivative index, or both factors Vfa, Wfa+i are con- 
tracting against anti- symmetric indices i,j or k,i in some curvature factor. 

Denote by Cg'* 2 '"' lT+1 (f^i, . . . , fl p+ i,fa, . . . , fa), C|' ll "''* e * +1 (fii, . . . , ft p+ i,fa, 
the tensor fields that arise from Cg M (Qi, . . . ,Sl p +i,02, ■ • ■ ,fa), 
£,z,m... ^ Op+i, fa, ... , fa) by formally replacing the expression 

S^ri...r v Rijki^' l 4'i^ k 4 l u+i by an expression V^+^jZ^p+i ■ Denote by k simp 
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the (u — 1) -simple character of each of the resulting tensor fields (they have 
length a + u — 1). We then claim that modulo complete contractions of length 
> a + u: 

a x Xdiv i2 . . . Xdiv i , i+1 C X g ll '"' l ~' +1 (fix, . . . , Vt p+l ,<p 2 , • ■ ■ , <j> u ) 
a z Xdiv i2 . . . Xdivi^C g '"' " (fix, . . . , Q p+ i, fa, ■ ■ • , <j> u ) = (4.14) 

zez 

E a i C g(^l> ■ ■ -^P+ltfa) ■ ■ ->^«)) 
je.J' 

where the complete contractions indexed in J' are simply subsequent to k S i mp . 
We note that the proof of this Lemma will be independent of Proposition \2.1[ 

Note: Before we prove this Lemma we remark that by applying it to (|3.5p 
we derive (14.12j) . 

Proof of Lemma \4-4\ Denote the left hand side of (|4.13[) by F g . We then 
denote by F' the linear combination that arises from F g by formally replacing 
the factors V a ^>i, V&<^u+i by g a b (the uncontracted metric tensor). Notice that 
F' g then consists of complete contractions with one internal contraction in a cur- 
vature factor, and with weight — n + 2 and length a + u. Since F g = modulo 
longer complete contractions, and since this equation holds formally, we derive 
that F g — modulo longer complete contractions. Now, apply the operation 
RicboSlp+i to F'g (see the relevant Lemma in the Appendix of [3]). Denote the 
resulting linear combination by Fg . By definition of Ricto£l p +i, the minimum 
length of the complete contractions in F g ' is <j + u — 1. If we denote this sublin- 
ear combination by F^'< T + U - 1 then (virtue of the afformentioned Lemma) we will 
have p'^ a + u - 1 — o modulo longer complete contractions. By following all the 
operations we have performed we observe that this equation is precisely (|4.14p . 
□ 

Now, observe that (I4.12| falls under our inductive assumption of Proposition 
l2.lF^l All the tensor fields are acceptable, and they all have a given simple 
character k S i m p', furthermore, the weight of the complete contractions in (I4.12| 
is — n + 2 > —n. Lastly, recall that we have noted that the last index in SJ^Y 
is neither free nor contracting against any factor V<^ u +i. 

We observe that the sublinear combinations of (/i — l)-tensor fields on the 
left hand side of (|4.12| with maximal double characters are the sublinear com- 
binations: 

E E aiC l /^(n 1 ,...,n p ,Y,fa,...,<i> u ). 

41 Notice that since our assumption 1 13.11 1 does not include tensor fields in any of the "for- 
bidden forms" , it follows that the tensor fields of minimum rank in 1 14. 121 1 are also not in any 
of the "forbidden forms" . 



41 



(This follows directly from the definition of the maximal refined double char- 
acters). We denote the respective refined double characters for the complete 

contractions of this form by L z , z £ Z' Max . Applying the inductive hypoth- 
esis of Corollary [1] to (|4.12p and picking out the sublinear combination with 

a (u — 1,/x — l)-double character Doub(L z ), we deduce that there is a linear 

combination of acceptable //-tensor fields with a refined double character L z , 

arC^-^inx, . . . , n p , y, 2 , . . . , <f> u ), 

reR" 

such that: 

]T aiC 1 / 2 -^^, . . . , Q p , Y, 2 , . . . , ^ u )V t2 v . . . V< M t; 

- arM Uv+1 c7 2 -^ +i (r!i,...,r! p ,r,02,...,0„)v 42 t;...v v u= (415) 
<•<(•',;■■-'■ . . . ,fip,Y,4> 2 , . ■ ■ , 4> u )V i2 v. . . v v u, 

teT 

modulo complete contractions of greater length. (Recall that since we are con- 
sidering the factor Y to be of the form O p +i, each of the tensor fields above has 
a factor V {b) Y,b > 2). 
Here, 

Ya t c t /*-- A »(n 1 ,...,n p ,Y,4> 1 ,...,ct> u ) 

stands for a generic linear combination of tensor fields whose refined double 
character is (simply or doubly) subsequent to the refined double character L z . 
Moreover, if this tensor field (7*' 12 ' ^ i s only doubly subsequent to L z , then at 
least one of the indices in the factor S7( B >Y is not contracting against a factor 
of the form Vv, V<fi. (This follows since those tensor fields arise from the tensor 
fields indexed in N in (|4.12[) . which have that property by construction). 

Now, we refer to (I4.15[) and we make all the factors Vv that are not contract- 
ing against the critical factor into an Xdiv (see the last Lemma in the Appendix 
of [3]). We thus obtain a new true equation: 

aiXdiv iM+1 . .. Xdiv Hi C l g - l2 -^(n 1: . .. ,Q P ,Y,4> 2 , ■ ■ . ,4> u )V iM v . . . V lM _ t v = 

l£L' 

a r Xdiv iM+1 . . . Xdiv ifl+1 C r g ^-^+ l (fii, . . . , O p , Y, <j> 2 , . . . , (f>u)V l2 v . . . V iM v 

r£R* 

+ J2 a t Xdiv iM+1 . . . Xdiv^Cl' 12 - 1 * (Q 1; . . . , fi p , Y, 2) . . . , v...V iM v. 

(4.16) 
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Now, before we can proceed with our argument we will need to employ a 
technical Lemma whose proof we will present in the end of this subsection. 

Lemma 4.5 We claim that we may assume with no loss of generality that for 
each tensor field indexed in R z , one index in "SI^Y (the last one, wlog) is not 
contracting against any factor V</>/j or Vf. 

Under this extra assumption, we can now derive the claim of Proposition 

Now, since all the tensor fields in L z , R z have the same (u — l)-double 
character, L z , it follows that for each tensor field appearing in (14. 1 5[) there is 
a fixed number r of factors Vu contracting against the factor V^ B 'F, and also 
a fixed number (tj — 1) of factors V<ft' contracting against V^ B 'Y. We may 
assume with no loss of generality that the r factors Vt> are contracting against 
the first r indices in V^Y and the q — 1 factors V0 O are contracting against 
the next q— 1 indices in V^ B 'Y, in a decreasing rearrangement according to the 
numbers o. By using the Eraser|f^| we can see that under these assumptions, 
(|4.15p will hold formally, subject to the additional feature that for each complete 
contraction in (|4.15[) , the first r + q — 1 indices are not permuted. (Call this the 
extra feature). 

In this setting, we define an operation Replace that acts on the tensor 
fields in (|4.15|) by replacing the factor Vn... rb Y (recall b > 2) by an expres- 
sion 5*Vri~.ri_ 2 -Rir i ,_ 1 fer b V'0i V fc w. We denote the resulting tensor fields by: 

C«^-V(r! 1 ,...,r! p ,0 1 ,...> u )V,: 1 u, 

We immediately observe that for each / e L z : 

Replace[C l g ' ll - l » (fi x , . . . , . . . , tl )V ll u+ i] 

= C g ' i ^-- A »(Sli,...,n p ,ct>i,...,<l> u )V il v. 

We then claim that the vector field 

a r C r g > ll - l » +1 (fii, . . . , n p , ^i, . . . , 0„)Vi^. ■ • V v u 

r-S-R 

is the one we need for Proposition 12.11 In order to see this, we only have to 
recall that (|4.15|) holds formally. We then "memorize" the sequence of formal 
applications of the identities in Definition 6 in [I J, by which we can make the 
linearization of (|4.15[) formally equal to the linearization of the right hand side. 

42 See the relevant Lemma in the Appendix of [3]. 
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We recall that an application of the identities in Definition 6 in [T] to the factor 
v (b) i 

V r\...r b - 

indices 



Vri...r b Y (subject to the extra feature) means that we may freely permute the 



ry+ g i ■ ■ ■ j TV 

Now, we will perform the same sequence of applications of the identities in 
Definition 6 in [T] to the linear combination: 



J2 aiC 1 / 1 -*" (n x , . . . , Op, fa, . . . , ^)V tl i)V t2 u. . . V<„u 

leLz (4.18) 
- a r Xdiv^ +1 C r g ' n -^ +1 (fii, . . . , fi p , fa, . . . , fa)V ll vV l2 v . . . V ifi v 

We impose one restriction: When we had permuted the indices ri , . . . , n in a 
factor V^Lr^in (Q3)l . we now freely permute them again, but also introduce 
correction terms, by virtue of the Bianchi identities: 

V&^iZtfHVViV^ - Vif rm Rii kj V i <f>iV k v = V^^i^WiVV 

(4.19) 



(4.20) 



w. 



(4.21) 

Hence, we derive that modulo complete contractions of length > a+u+fi+1: 



- Y, a r Xdw Wl Q il '-- i ''+ 1 (O 1) ... ) O p ,0 1 ,...,^)V il t;...V i ^ = 

reRZ (4.22) 

5^ atCf^ (n x , . . . , n p , fa, . . . , fa)v h v. ..v la v 

+ atC'g 11 -^ {Qi,...,n p ,fa,..., fa)V n v. . . V v u, 
teT' 

where 

Y cud*/ 1 " 4 - (Q u ...,Sl p ,fa,..., fa)V h v. . . V v u (4.23) 
teT' 

stands for the linear combination of correction terms that arises by virtue of the 
identities (|41"9l) . (|4~20]) . (|4~2T|) . 
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Specifically, the linear combination of correction terms arises by replacing 
the crucial factor \/^}.r m Rijki V l 0i V fc u +i by one of the expressions on the 
right hand sides of (|4.19|) . (|4.20|) . (|4.21|) . We observe that all the correction 
terms are acceptable tensor fields that are (simply or doubly) subsequent to L z . 

Thus we have proven that under the assumptions of Lemma 13. li the claim 
of Proposition 12. II follows in this case I. □ 

Proof of Lemma 14. 5t 

We refer to (|4.16p . We pick out the sublinear combination of terms in that 
equation where all indices in the function V^ B 'Y are contracting against a factor 
Vv or V<fi' h (denote the index set of tensor fields in R z with that property by 
R Z ). We thus obtain a new equation: 

a r X„div lM+1 . . . X„div ilt+1 Cl' i3 - i ' i + 1 (Qi, ...,£l p ,Y,<fe,..., (j) u )V l2 v. . . V iu v 

r£R z 

= E ajO i g ' i "" iM (Oi, . . . , fip, y, . . . , ^)V l2 u . . . V iM v, 

(4.24) 

(where the terms indexed in J are simply subsequent to the simple character of 
the terms in the first line). If a > 4 and z/our Lemma assumption (|3.ip does 
not fall under the delicate casejfl we then apply Lemma |4"70 if a — 3 and if our 
Lemma assumption (I3.1[) does not fall under the delicate case we apply Lemma 
PH We thus derive: 

Y a r Xdiv lM+1 . . . Xdiv^ +1 C r / 2 -^ +1 (fix, ...,Q p ,Y,fa,..., 0„)V l2 w . . . V tM v 
= Y a r Xdiv lM+1 . . . Xdiv ift+1 Cl' i2 - i "+ 1 (Cl 1 , ...,n p ,Y,<f> 2 ,..., ^„)V l2 z; . . . V lM v 
+ E 2 - iM ...,n p ,Y,(f> 2 ,..., <j> u )V Z2 v. . . V iM v, 

(4.25) 

where the terms indexed in R z have all the features of the terms in R z but 
in addition have at least one index in V^y not contracting against a factor 
V<ph or Vv. Replacing the above into (|4.16p . we may assume that all terms in 
R z have at least one index in V^Y not contracting against a factor V(f>h or S7v. 



43 We will explain what to do if (14.241) does fall under the delicate case below. The fact that 
113.111 does not fall under the delicate case ensures that l|4.24jl does not fall under a forbidden 
case of Lemma 14. II 

44 We observe that Lemma l4.2l can be applied, since we are in a non-delicate case hence the 
tensor fields indexed in R z which have all indices in V' S )Y contracting against factors Vu 
must have a removable index. 
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Proof of j4-25\ ) when \3. 1)) falls under the delicate case: All the arguments 
above can be repeated except for the application of Lemma \4-1\ because in this 
setting (|4.24[) might fall under the forbidden cases of Lemma I4TT1 On the other 
hand, we have also imposed a "delicate assumption" on (|3 . 1 [) . which we will 
utilize now: 

Proof that the technical claim follows from l{4.15\ ) when j,3.1\) falls under the 
"delicate case": 

Refer to (|4.15[) . We denote by R z Bad C R z the index set of tensor fields that 
have the free index j +1 being a special index in some simple factor S^V^ Rijki, 
and with all indices in V^'Y contracting against a factor V4>h or Vw (we will 
call tensor fields with that property "bad" ) . We observe that (|4.25[) can again 
be derived, provided that R z Bad = in (|4.24|) ; (this is because when R z Bad = 
there is no danger of falling under a "forbidden case" of Lemma 14.11 by weight 
considerations). We will now show that we can write: 

]T a r C7 2 -Wi (fix, ... , n p , Y, 2 , . . . , cf> u )V i2 v . . . v^v Wl $ = 
]T arC r /- A »+i (n x , . . . ,Cl p ,Y,4>2, ■ ■ ■ , ^)V l2 u . . . V v wV v+1 $+ 

r ^^N otBad 

2 a,-Cf (fir, . . . , Y, 2) . . . , <j> u )V i2 v . . . V v uV v+1 $, 

(4.26) 

where the terms in R z NotBad are in the form described in (|4.15[) and in addition 
are not bad. The terms indexed in J are simply subsequent to K, S imp- If we can 
show the above, then by making the V$ into an Xdiv and replacing into (|4.15p . 
we are reduced to the case R z Max — 0- We have then noted that the proof above 
goes through. Thus matters are reduced to showing (14.261) . 

Proof of {4.2(fy : We may assume with no loss of generality that the free 
index is the index & in a factor .r p Rijki, where stands for the 

symmetrization over the index ; and all the indices in the above that are not 
contracting against a factor Vu or ^7<f>' h (the correction terms that we obtain 
from this S^-symmetrization would be tensor fields which are not "bad"-as 
allowed in (|4.26p ). We then pick out the sublinear combination of terms in 
(|4.15[) with a factor V^Y that has all its indices except one (say the index s ) 
contracting against a factor V(f>h or Vw, and the index s contracting against a 
special index in a factor S^V^ Rijki- By virtue of the "delicate assumption", 
this sublinear combination will be of the form: 
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a r Hit Y div lii+1 C r g l2 -^ +1 (Si!, ...,Sl p ,Y,<t> 2 ,..., </>„)V 42 u . . . V lfi v+ 

r ^R Z BAD 

»/;r ■ ■ ■ . ! v 0u)v l2 w . . . v vU . 

(4.27) 

Then, we consider the first conformal variation lmage x x [F g ] of (|4. 15|) and we 
pick out the terms where one of the factors V^, h € Def(K S i mp ) is contracting 
against the factor S/^Y , for which we additionally require that all other indices 
contract against Vu 's or V<^ 's. The above sublinear combination must vanish 
separately. We thus derive a new equation: 

a r mt Y div^ +1 Op[C] r / 2 - 1 ^ (O x , ... , Sl p , Y, 02, . . • , <f>u)Vi 2 v . . . V v u+ 

£ (ni, . . . , np, r, <t> 2 , . . . , <f> u )Vi,v. . . v v « = o, 

je.J 

(4.28) 

where Op[C] T g * 2 formally arises from by replacing the factor 
fltfV&LrpiJ&i^ijV*^, by V^j/Vj^^, (and Hit Y div^ +1 still means that 
VV+i is forced to hit the factor V^K). Then, formally replacing the expression 

V^, c IV 9l u. . . V Va vV Va+1 <j> Wl . . . V Vb <j> Wf 

by an expression 

S^ZlLzXiyc-^yc^v ■ ■ ■ V^V^+i^ . . . V% 

and repeating the formal identities by which (|4.28|) is proven "formally" @ we 
derive P~2"5j) . □ 



4.3 Derivation of Proposition 12.11 in case II from Lemma 

Recall the notation of Lemma |3~!?1 Our point of departure will be the Lemma's 
conclusion, equation (|3.7p . Recall that in that equation, all tensor fields have a 
given (u + l)-simple character, which we have denoted by K,' simp . We also recall 

that the (/i— l)-tensor fields Cg n "' %t> (Sl\, . . . , Sl p , <f>i, . . . , cf> u ) Vi h <f> u +i in the first 
line of (|3.7[) have maximal refined double characters among all (/x — 1) -refined 
double characters appearing in 7p ; we have denoted the maximal (ji — 1)- 
refined double characters by K z ref _ doub ,z G Z' Max . 

45 See the argument that proves l|4.22|l . 
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For all tensor fields in (|3.7p the factor V(f) u +i is contracting against an index 
i in some chosen factor S*V( 1 '' Rijki- For this subsection, we will be calling that 
factor the A-crucial factor. We recall that all tensor fields in the first line in 
(|3.7p have a given number of special free indices in the A-crucial factor. This 
follows from the definition of Z' Max . 

We further distinguish two subcases of case II: Observe that either all re- 
fined (u + 1, (J, — l)-double characters k z , z £ Z' Max one internal free index ^ 
or i in the A-crucial factor, or have no such free index|j£| We accordingly call 
these subcases A and and we will prove our claim separately for these two 
subcases. 

We here prove our assertion for all cases apart from certain special cases 
where we will derive the claim of Proposition 12.11 directly from (|3.ip (in the 
paper [7j in this series). 

The special cases: 

Case A: The special case here is when for each tensor field (7 g ' n '" lM , I £ 
L z ,z £ Z' Max in (|3.1[) there are no removable free indices among any of its 
factors@ 

Case B: The special case here is when for each tensor field C g ' n '" llJ, ,l £ 
L z , z £ Z' Max in (|3.ip there are no removable indices other than (possibly) the 
indices k,i in the (one of the) crucial factor V^] v t Ri b+X jkl& 

Throughout the rest of this subsection we will be assuming that the //-tensor 
fields of maximal refined double character in (|3.ip are not special. In the special 
cases, Proposition 12 . 1 1 will be derived directly (without recourse to Lemma I3~^1) 
in0. 

Derivation of Provosition [K7\ in case II from Lemma \3.S\ (subcase A): Recall 
the conclusion of Lemma 13.21 

46 Notice that this dichotomy corresponds to the following dichotomy regarding the tensor 
fields in U z gz' ^ z m J3.lt : Either for those tensor fields the critical factor V' m '-Ryi,i 
contains two internal free indices, or it contains one internal free index. 

47 Sometimes we will refer to subcases IIA, IIB, to stress that these are subcases of case II. 

48 Observe that if this is true of one of the tensor fields C 9 '* 1 "' < '*,2 € L z ,z G ^M a x' wn ^ 
be true of all of them, by weight considerations. 

49 The remark in the previous footnote still holds. 
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H ai Xdiv n ...Xdiv lh ...Xdiv l ^C l g ' ll ---^(n 1 ,...,n p ,(/) 1 ,...,(j> u ) 
V ih u+ i + ^2 a v Xdiv l2 . ..XdiVi^Cg'* 1 - 1 "^!, . . . , Q p , 0i, . . . , 0„)V ll n+ i + 
^ a d Xdiv n . . .Xdiv ifl C g i ' H "' tf, (tti, . . . , fi p , 0i, . . . , 0„, 0«+i) = 

0U, 0u)Vj,0 u +l. 

teT 

(4.29) 

We now apply our inductive assumption of Corollary [1] to the aboveF°l We 
derive that there is a linear combination of acceptable {fi — l)-tensor fields with 
a (u + l)-simple character K' simp (indexed in H below), so that: 

S Y ai S ^■■■ v (^i:---^P^i.--->«)V lfe 0«+iV llW ...V. ih u...V v w 

+ a^c^-^inx, . . . , n p , 0i, . . . , u )v ll u+ iV. i2 u . . . v v u+ 

^ a h Xdiv tfi+1 C^ n -^ +1 (fii, . . . , n p , </-i, . . . , U )V 21 </> u+ i V l2 u . . . V <M v+ 

^ 0j .qj.*i (n lf . . . , 0i, . . . , 0„)v il u +i v l2 u . . . v v u, 

(4.30) 

where each C 3 g M (fii, . . . , fi p , 0i, . . . , u )Vi 1 u+ i is simply subsequent to 
Simp(K* e f_ doub ). Note: We will now be calling the factor against which V0 u +i 
is contracting the A-crucial factor for any contraction appearing in the above. 

Now, we observe that in view of the claim in Lemma l3.2[ for each C , ff ' n "" lfl , 
Cg ,H we must have that at least one of the indices ri , . . . , Tv , j in the A- 

crucial factor S*Vj^...r u Rijkl lS n °t f ree an d not contracting against a factor 
V0/, / < u. Furthermore, it follows from the definition of \J zeZ / L z that all 

Q g ' il " A » tensor fields are contracting against a given number c of factors Vw. 
We denote by N C N, H C H, J C J the index sets of the contractions above 
for which the A-crucial factors is contracting against c factors Vv. Then, since 
(|4.30p holds formally, we derive that: 

50 The fact that we are assuming that (12. .'ill (the assumption of Lemma I3.2j l does not fall 
under a "special case" of subcase A ensures that 1 14.291 satisifies the requirements of Corollary 
[T] Also, since we have introduced a new factor V0 u +i, the above falls under the inductive 
assumption of Corollary [T] 
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E E a < E ^• ii - i "(n 1> ... > n pi ^ lj ...,^ t )v ip ^ + i 

+ ^ a„C£'* 1 -*" (fix, . . . , n p , . . . , ^»)V il ^ u+ iV i3 w . . . V i(J w = 

5^ a h Xdiv ifi+1 C%' h - i x+ 1 {Six, Sl p , fa,... , 0„)V il 0„ +1 V ! ; 2 u . . . V ifl v+ 

he~H 

0«+iVi 2 w . . . V; u. 

(4.31) 

In fact, we will be using a weaker version of this equation: Consider (|4.31|) : 
We assume with no loss of generality, only for notational convenience, that in 
each C^-S C^ 1 " ^ and each CMi-Vn the free indices h , . . . , .;, . . . ,; c+1 
belong to the A-crucial factor, while the indices i e+2 , . .. do not. Now, recall 
that (|4.3ip holds formally. Then, define an operation that formally erases the 
factors Vu that are not contracting against the A-crucial factor and then takes 
Xdivs of the resulting free indices that we obtain. If we denote the expression 
that we (formally) thus obtain by F 1 , it follows that F' = (modulo longer 
complete contractions) by virtue of the last Lemma in the Appendix of [3] . We 
have thus derivedFl 



E E ai E X div ic+2 . . . Xdiv ilt 

qW 1 -*" (Oi, . . . , n,,, 0!, . . . , U ) Vfev . . . v lh 0„+i . . . Vi c+1 u+ 

0«)V, 1 u +iV i2 'U.. • V ic+1 u 
= ^ a h Xdiv ia+1 . . . Xdiv ltl+1 C^ n -^ +1 (ili, . . . , fi p , 0i, . . . , 0„)V il u+ i 

• v l2 u . . . v lc+1 u + ^ ' (<>i. . . . , n p , 0i, . . . , 0„)v ll il+ iV l2 u . . . v lc+1 u. 

(4.32) 

Here the complete contractions indexed in J' are simply subsequent to K' simp . 

Now, we break the index set H into two subsets: h G iii if and only if the 
A-crucial factor S*V^...r v RijM in 

^ml-v+i . . . j 0pj 0!, . . . , 0„)v il u+1 Vi 2 u . . . Vi.« 

has the property that at least one of the indices ri , . . . , Tv , j is neither contract- 
ing against a factor Vv nor a factor V0' fl . We say that h G H2 if and only if all 

51 We will revert to writing N, H, J instead of N, H, J for notational simplicity. 
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the indices ri , . . . , Tv , j in the A-crucial factor are contracting against a factor 
or Vv. We complete our proof in two steps: Step 1 involves getting rid of 
the terms indexed in Hi: 

Step 1: We introduce some notation: 

Definition 4.3 We denote by X*divi[. . .] the sublinear combination in each 
Xdivi[. . .] where we impose the additional restriction that Vj is not allowed to 
hit the A-crucial factor (in the form iS*V^ Rijki)- 

Then, since (I4.32[) holds formally, we deduce that: 
^2 a h X*div ic+2 . ..X^diVi^C^-^+^Qi, . . . , Q p , fa, . . . , fa)V ^fa+x V i2 u 

h£H 2 

■ ■ ■ + a J C 9 l 2 "' lc+2 (fli, • • • , Hp, 01, • • • , 0«)V il u +iV i2 'U . . . V Ic+2 u - 0, 

(4.33) 

(modlo longer terms), where each C 3 g t2 '" %lr is simply subsequent to K r simv . 

A notational convention that can be made with no loss of generality is that 
in Kg imp the b factors Vfa that are contracting against indices ri , . . . , Tu , j in 
the A-crucial factor S*V^ Rijki are precisely the factors Vfa, . . . , V</V 

We then claim that we can write: 

Y a h Xdiv, c+2 . ..Xdiv lii+1 C' g l - M ---^ +1 (fl u . . . , n p , fa, . . . , fa)V tl fa +1 V t2 v . . . 

heH 2 

Vi c+1 f = ^ a h Xdiv ic+2 . ..Mu v+1 C 9 Ml -'f +1 (ni, . . . , D, p , fa, . . .,fa) V h fa + iV i2 v 

heH 

■ ■ ■ v »c+i w + ajC 1 / 2 --- 1 ^ 2 ^!, fa,..., 0„)V il u+ iV i2 u . . . V lc+2 u, 

(4.34) 

where the sublinear combination indexed in H in the RHS stands for a generic 
linear combination of tensor fields with all the properties of the tensor fields 
indexed in Hi above. 

We will show below that (|4.34[) follows by applying Lemma 14.61 or Lemma 
14. 71 to (|4.33p (and we will prove Lemmas 14.61 14. 71 in [7]). For now, let us observe 
how (|4.34p implies Proposition 12. II in this case A: 

Step 2: Provosition\2~l\ follows from \4.3J$ . By replacing (|4.34|) into (|4.32|) . 
we are reduced to showing our claim when Hi = 0. Now, for each of the tensor 
fields in g32l we denote by C l g ' lc+2 - tfi (Q u ...,fl p ,Y, fa +1 , fa), 

Cg^ +2 - i ^(n 1 , ...,n p ,Y,fa,..., fa), c ^+-v +1 ; fip) Yj ^ b+u _ >u) thc 
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tensor fields that arise from 

C/ 1 '" "(f2i, . . . ,fl p ,4>i, . . . , <j> u )V ' ih 4> u+ i\/ \ 2 v . . . V ic+1 u, 

qML.-w, . . . , ^, . . . , u )v 21 ^ +1 v 42W . . . v lc+l v 

by replacing the expressions 

SM£ + .Z h :Z..s b r 1 ...rR l u A kN ri V. . . V^V^V^! . . . v s ^ h vv u+ i 

by a factor v£+^,r. 

Now, by polarizing the function u in (|4.32[) and applying Lemma 14.41 we 
deduce that: 

^ a u Xdiv ic+2 . . . Xdiv^Cf^- 4 * (fii, ... , fi p , y, 6+1 , ...,</>„) = 

J/6JV 

^ a ft X<^ c+1 . . . Xdi^C^^-^Hfii. • • • , P ,y^i, ■ • • , 

^Oj-c^fii, . . .,n p ,y,^6 + i, . . .,(j) u ). 

(4.35) 

Notice that all the tensor fields in the above have at least 2 derivatives on 
the factor V^Y, For the tensor fields indexed in H, this follows since H-2 = 0; 
for the tensor fields indexed in {{J z£Z i L Z ){J N, it follows by our observation 
after (|4.30p . Thus, if we treat Y as a function Clp+i, all tensor fields in the 
above have a given simple character, which we will denote by k S i mp . 

We denote the refined double character of the tensor fields 
Cg * c+2 - V+1 (fli, ... , n p , F, <t> b+1 , . . . , U ), Z G L z , z G Z' Max by L' z (observe that 
they are the maximal refined double characters among all the (/i — c — 1)- 
tensor fields appearing in (|4.35p V By virtue of our inductive assumption of 
Proposition ^. ll 52 l we derive that for each z £ Z' Max there is a linear combination 
of acceptable (/i — c)-tensor fields 

J2heH> a h Cg' lc+1 '" l, * +1 (D,i, . . . ,tt p ,Y,(j) b+1 , ...,4> u ) with an (fi - c - l)-refined 
double character L' z (so in particular they have a factor V^Y, B > 2, not 
contracting against any factor Vv, Vc/>h), so that for each z € Z' Max : 

52 Notice that since we are assuming that the fi-tensor fields of maximal refined double 
character in \3. 1)) do not have special free indices in any factor S*V^"^ Rijkl then it follows 
that the tensor fields of minimum rank in 114. 35H satisfy the requirememnts of Proposition ^, II 
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E a < E C l g ^--^(n 1 ,...,tl p ,Y,c/ )b+1 ,...,<f )u )V^ +2 v...\7 h v 

- a h xdiv w cf ^-^ (Oi, . . . , fi P) y b+1 , . . . , u )v ic+2 u . . . v i(1 « 

heH 

= E atC's' ic+2 - V ("i ! • • • , n p , Y, . . . , ^)V lc+2 w . . . V i( ,u, 

(4.36) 

where each C g ' lc+2 '"^(Qi, . . . , Q p , y </>b+i, . . . , 0„) is acceptable and simply or 
doubly subsequent to i' 2 . 

We use the fact that (|4.36| holds formally. We then define an operation 
Op[. . . ] that replaces each factor V\ u „ tB Y (B > 2) by an expression 

vi: ) . sir ,., e _ li ,.. ik _ 2 %3- I t tB v i w^ . . . V-^V'WVi ■ ■ ■ v st ^. 

We observe that for each z S 

°p{ E a < E cj*^ 9 -*" (n x , . . . , n ps y, . . . , <^)v ic+2 w . . . v v u} = 
E oiC 1 * 1 "** (Qi, . . . ,o p , . . . , ^)v ilW . . . v vU , 

lei 2 

(4.37) 

where we have noted that |/*.z| is universal, i.e. independent of the element 
I S L z (in most cases \I*.i\ = 1). 

Hence, since <|4.36|) holds formally, we deduce that: 

aiC l ^- A " (n x , . . . , Q p , 1; . . . , «^ tl )V il u . . . Vi„u- 
^ a h Xdw i(i+1 Op[C^ < '+ 1 -v+ 1 . . . , fip, y 0!, . . . , <p u )V iw+1 v . . . V <M v] 

= E ° tC s • • • ' ^' • • • ' M^hK+i V l2 u . . . V v u, 

teT' 

(4.38) 

where again each Cg H '" llA (f2i, . . . , fi p , . . . , <j) u ) is either simply or doubly sub- 
sequent to L z . The above is obtained from (|4.36j) by the usual argument as in 
the derivation of Proposition [2~Tl from Lemma [3.1l fsee the argument above equa- 
tions (|4.19[) . (|4.20p . (|4.2ip ): We may repeat the permutations by which we make 
(|4.36|) formally zero, modulo introducing corrections terms that are simply or 
doubly subsequent by virtue of the Bianchi identities. 
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Therefore, we have shown that Lemma 13.21 implies case II of Proposition 
12.11 in subcase A (in the non-special cases) , provided we can prove (|4.34[) . We 
reduce (|4.38p to certain other Lemmas, which will be proven in [7] in the next 
subsection. □ 

Derivation of case II of Proposition 12. ll from Lemma l3.2l in case B: 
Our point of departure is again equation (|3.7p . 

Recall that in this second case, for each z € Z' Max none of the free indices 
in the A-crucial factor S*V^ Rijki in any Cg 11 "' v V^^u+i, I G L z are special. 

In that case, we again have equation (|4.3ip . We will re- write the equation 
in a somewhat more convenient form, but first we recall some of the notational 
conventions from the previous case. For notational convenience, we have as- 
sumed that the b factors V<f>h, h < u that are contracting against the A-crucial 
factor S^V^ R^ki V 4 0u+i are precisely the factors ■ ■ ■ , V<^. We also recall 
that Kref-doub stands for the (u + 1, fi — l)-refined double character of the con- 
tractions in J2i h ei, i "' V (^i, ■ ■ ■ 4>i, ■ ■ ■ ^u)^ iAu+\- Equation (|4.3ip 
can then be re-written in the form: 

H H ai C , ^ il -^(^i,...,^ p ,(/ ) i,...,0 u )V v M+ iV il u...V v u... 
v v u + 2 a h Xdiv ill+1 C*' il - i ''+ 1 ((l 1 , . . . , 0i, . . . , <j> u )V n <j> u+1 V l2 v . . . V v u 

heH 

= o*^'* 1 ""*" (fli, . . . , fip, 0i, . . . , <M V n 0u+iV l2 v . . . V v u, 
teT 

(4.39) 

where each C g ' tl '" % '' (Oi, . . . , Q p , <pi, . . . , <p u )^ i^^u+i is (simply or doubly) subse- 
quent to Kref-doub- Moreover, if some C g ' lx '" t '' is doubly subsequent to ^ef-doub 
then at least one of the indices ri , . . . , ru , j in the A-crucial factor S*'vi'{ > ...r n Rijki 
is neither contracting against a factor Vu nor against a factor V4>h- The com- 
plete contractions on the right hand side arise by indexing together the contrac- 
tions in N,J in (|OIJ) . 

We then again assume with no loss of generality that in each tensor field in 
the first line above, the indices i l: ■ ■ ■ , % c+x belong to the A-crucial factor and the 
indices i c+2 , . . . , j do not. We will then again use a weakened version of (|4.39p . 

Weakened version of |^.,?P[ ): Now, we return to (|4.39|) . We derive an equa- 
tion: 
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Xdiv ic+2 ...Xdiv ili ^2ai ^ fy* 1 ™*" (Sit, . . . , O p , fa, . . . , fa) 
^ i r fa+iV i x v ■ . . V ir v . . . V ic+1 v + a t Xdiv ia+2 . . . 

t£T' 

Xdiv^C 1 / 1 -^ (Clt,...,n p ,<t> u ..., fa)V ll fa+iV l2 v . . . V la+1 v + ^ a,hXdiv io+2 

hen 

. . . Xdiv iH . 1 C£ il -~ i »+ 1 (Cl 1 , Op, fa,... , fa )V 21 fa+ 1 V l2 v . . . V lc+l v 
+ ajC 3 / 1 -^ {n 1 ,...,n p ,fa,..., fa)\7 ll fa +1 V l2 v . . . Vi c+1 u = 0; 

(4.40) 

here each of the tensor fields indexed in T" are doubly subsequent to the maximal 
refined double characters «ve/-do«6' wn il e each of the complete contractions 
indexed in J is simply subsequent to K' simp - This just follows from the previous 
equation by making the factors Vi> that are not contracting against the A- 
crucial factor into Xdiv's (as in the previous case A-we are applying the last 
Lemma in the Appendix of [3] here). 

Now, similarly to the previous case, we complete our proof in two steps; we 
first introduce some notation: We divide the index set H into two subsets: We 
say h £ Hi if at least one of the indices ri , . . . , Tm , j in the A-crucial factor 
S* Vr™?.r m -Rjjfcj does not contract against a factor Vu or Vfa, h < u. If all the 
indices ri , . . . , Tm , j in the A-crucial factor 5*Vr7!..r m ^i/fei contract against a 
factor Vv or V<f>f, f < u, we say that h £ H^. Now, step 1 involves getting rid 
of the terms indexed in H2 ■ 

Step 1: For each h £ H2, recall (from definition I4.3|) that X*dii)i[. ..] the 
sublinear combination in Xdivi [...], where we impose the extra restriction that 
V< is not allowed to hit the A-crucial factor S*V^ m 'Rijki- Then, since f|4. 39[) 
holds formally, we deduce that: 

Y a h X*div lc+2 . . .X»diw v A*dii; v+1 Cg' Jl --- v + 1 (Oi, ...,Q, p ,fa,.. .,fa) 

h£H 2 

■ Vii^u+iVijt; ■ • • V ic+1 u + }^ajC J Q (fli, ...,tt p ,fa,...,fa) = 0. 

(4.41) 

We then claim that (|4.41[) will imply a new equation, for which we will need 
some more notation: Let us consider the tensor fields 

Ql,^...i» ^ _ _ ^ n p ,fa, . . . , fa)V tr fa l+1 V n v . . . V lr v . . . V tc+1 v, 
(7*^-^(01, . . . , Q p , fa, . . . , fa)V lr fa+iV ll v. . . V ir v . . . \7 lc+1 v in g30J. 
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For each I € L z , we denote by C'/ llo+2 '" v (0 1 , . . . ,Cl p , (f> b+1 , . . . , u )V 4l </> u+ i 

the tensor held that arises from Cg 11 "' v Vi h 4> u +i (as it appears in (|4.40p ) by 
replacing the A-crucial factor 

sM:L +1 h...i b y„ +1 ... y „R*y» +1 ki V> u+1 V Zl 2 . . . V l ^ b V^v . . . V^u (4.42) 

(i 2 , . . . , i n are the free indices that belong to that A-crucial factor) by 
StVy^l* ~-yt Riyu+ikl^ i( t ) u+i- We analogously define 

Cg' ll%c+2 '" l,l (Cli, . . . , O p , . . . , (pu^ii'Pu+i- Notice these constructions are 
well-defined, since we know that at least one of the indices j 2 , . . . , rv+1 in the 
left hand side of (14. 66[) are not contracting against any factor V</> or Vv. 

Furthermore, observe that the tensor fields constructed above are acceptable, 
and have a given (u — b) -simple character, which we denote by K," imp . 

Now, our claim is that assuming (|4.4ip . there is a linear combination of 
acceptable tensor fields (indexed in H below) with a simple character K" imp , 
and each with rank fj, — c > fi — c — 1 so that: 

J2 ai J2 xdiv tc+2 ...xdiv^c l g ' l ^ 2 ---^(n 1 ,... 1 n p ,4> b+1 ,...,4> u ) 

V 4r u+ i + atXdiv lr+2 . . . Xdiv^Cl'^+^iQx, . . . , Q p , 4> b+1 , . . . , 
teT' 

a h Xdiv lc+2 . . . Xdiv ili+1 C^ ia + 2 - i ^+ 1 (Q.x, ...,Q P , fo+i, 0„)V il u+ i 

heH 

+ y^°3 C 'q( ! ^i) ■ ■ >>top><f>b+l, ■ ■ ■ , 4>u) = 0; 

(4.43) 

here the contractions indexed in J are simply subsequent to K" imp - The above 
holds modulo contractions of length > a + u — b+1. This claim will be reduced 
to Lemma 14.81 in the next subsection. We now take it for granted and check 
how Proposition 1 2 . 1 1 in case IIB follows from (I4.43|) . 

Step 2: Derivation of Proposition \2.1\ in case II subcase B from l^.^ffp .' 
Denote the refined double characters of the tensor fields in I J _ 7 , L z by 

K'fef-doub'> observe that the tensor fields Cg ,n ' lc+2 "'' tti (n 1} . . . , fl p , (f) b+1 , u )V il (j) u+ i 
are doubly subsequent to the refined double characters K%f_ doub . Moreover, the 
refined double characters K lz e ^_ doub are then all maximal. 

Now, the above falls under the inductive assumption of Proposition 
If b + c > then the weight of the above complete contractions is > — n, and if 
b + c = then we have u + 1 factors V0. Thus we derive that for each z € Z' Max 

53 Observe that the tensor fields of minimum rank in 114.431 will not contain special free 
indices in factors St^^Rijkl (since we are considering 113.11 1 in the setting of case IIB). 
Therefore there is no danger of falling under a "forbidden case" of Proposition 12.11 
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there is a linear combination of acceptable tensor fields with a refined double 
character K'* e f_ doub (indexed in H z below) so that: 

E fl i E Cf^- A - (fti, . . . , ftp, . . . , ^Vi^u+iVi^v . . . V h v- 
leh* i h ei,.i 

Xdiv ilA+1 Y ahCg' ilio+2 "' Wl (0i, ■ ■ .,n p ,(j)b+i, ■ ■ ■ ,0«)V ll n+ iV ic+2 u. . . V v u 

heH 

= Y atC* ,<0+1 - i "(ni 1 ■ • ■ , ftp, ■ • ■ , 0u)V ic+l( /. u+1 V ic+2 u . . . V v u; 
teT 

(4.44) 

(here each (7 g ' ,e + 1 -*" (Q 1) . . . ,fi p , ^ 6+1 , . . . , u )V lc+1 u+ i is (simply or doubly) 
subsequent to < z e/ _ dotlb ). 

Now, we define an operation Add[. . . ] that acts on the complete contractions 
and vector fields in the above by adding c derivative indices V S1 , . . . , V 9c to the 
A-crucial factor and then contracting them against c factors Vu, and then adds 
b derivative indices V/ t , . . . V/ b onto the A-crucial factor and contracts them 
against factors V^</>i, . . . , V^0f,. 

Since (|4.44[) holds formally, we derive that for each z € Z' Max : 

Y a t Y AddiC 1 /^-^^!, . . . , ftp, b+1 , . . . , <j> u )V ih 4> u+1 V ic+2 v . . . Vi„u] 

= {Mv v+1 ^ a, l Add[C^^+ 2 - 4 -+ 1 (fti, . . . , ftp, <&, +1) . . . , 0„)V il ^ u+ i+ 
heH 

Y a t Add[C% i °+*- i '>- 1 (fti, . . . , ftp, . . . , u+ i)}V lc+2W . . . V v _ lW ], 
teT 

(4.45) 

where each complete contraction indexed in T is simply or doubly subsequent 
to K-ref-doub- ^ we se ^ <t>u+i = v m the above, and we observe that: 

Y at Y Add[C l g ' 1 ^- 1 - (fti, . . . , ftp, <&, +1 , . . . , ^)V ih uV io+2 u . . . V v u] = 
leL* i h ei,,i 

\I*,l\ ■ Y aiC l /^(n 1 ,...,Q p ,cf> 1 ,..., ( l> u )V il v...V ilt v+ 
teT" 

(4.46) 

where the complete contractions indexed in T" are acceptable and doubly subse- 
quent to Kref-doub- We thus derive that the vector field needed for Proposition 
12. II in this case is precisely: 
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Gi z ih£l*,l 



'Mliir + l—*j»+l 



(Oi, . . . , 06+i, . . . , (p u )Vi h vV ic+2 v . . . V v u]. 



Therefore we have shown that Lemma 13.21 implies Proposition 12.11 in case 
IIB, provided we can prove ()4.43|) . 

We now show how the claims (|4.34p and (|4.43p follows from four Lemmas, 
1-4.61 14.81 and 14.71 14.91 which we will state below. These four Lemmas will be 
derived in the paper [7] in this series. 

4.4 Reduction of the claims (14.34ft and (14.431) to the Lem- 
mas EES], ma and EH HJ2 below. 

Reduction of claim ()4.34p to Lemma 14.61 

Since our Lemma 14.61 will also be used in other instances in this series of 
papers, we will re- write our hypothesis ( equation 14. 33[) in slightly more general 
notation: 

We will set c + 1 = it and write a instead of /i, to stress that our Lemma l4~6l 
below is independent of the specific values of the parameters fi, c. Furthermore, 
with no loss of generality, we will assume further down that b = (in other 
words that there are no factors V<^ contracting agianst the crucial factor-this 
can be done since we can just re-name the factors ^4>' h that contract against 
the A-crucial factor and make them into Vi>s). Now, recall the operation in- 
troduced in Step 2 after (|4.33ll . where for each h G H% we obtain tensor fields 

06+1, ...,</>„) by formally replacing the expression 
<5*Vri?..r„-Rijfc/ V ri u . . . V J uV l 0i y k (f> u+ i by an expression V;F. As we noted 
after (14. 33[) . if we apply this operation to a true equation, we again obtain a 
true equation. Thus, applying this operation to (|4.33p we derive a new equation: 



a h X*div in+1 . . . X t div itl+1 C^' i '+ 1 - i ^ 1 (0 X! ... , n p , Y, <j> b+1 , ...,4> u ) = 



where all complete contractions and tensor fields in the above have a+u—b—c 
factors, and are in the form: 



pcontr(V (mi) R ljk i <g> ••• <g) V m -ii? ljfe z® 

v (bi) f2i <g> ■ ■ ■ <g> v (bp) n p (g) 

V0 Zl ■ • ■ ® V0 Z „ <g> V0' Zm+1 ® •• • ® V0' Zro+d <g> • • • <8 V^ Zra+d+1 <g> • •• ® V0 Zra+d+y ). 



fi£H 2 




(4.47) 



(4.48) 
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(Notice this is the same as the form (j2.2[) , but for the fact that we have inserted 
a factor VF in the second line). 

Definition 4.4 In the setting of X^divi will stand for the sublinear com- 

bination in Xdivi with the additional restriction that Vj is not allowed to hit 
the factor VY. Moreover, we observe that the complete contractions in f^.^Tp 
have weight —n + 2(6 + c). 

Some language conventions before our next claim: We will be considering 
tensor fields C* 1 "' v (Ox, . . . , Q p , Y, <j)\, . . . , 4> u ) in the form (|4.48|) , and even more 
generally in the form: 



pcontr(V (mi) R tjk i <g> • • • ® V (mtri ) R ijk i ® 
SM Ul) Rijkl ® • •• ® 5„V (,yt) i? ijfei ® V (B) Y® 
V (f,l) fii«)---0V (b! ' ) ^p® 

V0 Zl • • • ® V0 Zro (8) V^ ro+1 ® • • ■ <8> V^ +d »•••<» g • • • ® V0 Ziu+d+y ). 

(4.49) 

(Notice this only differs from (|4.48[) by the fact that we allow B > 1 derivatives 
on the function Y). 

We will say that the tensor field in the form (|4.49[) is acceptable if all its 
factors are acceptable when we disregard the factor (i.e. we may have 

B = 1 derivatives on Y but the tensor fields will still be considered acceptable) . 
Also, we will still use the notion of a simple character for such tensor fields 
(where we again just disregard the factor V^Y). With this convention, it 
follows that all the tensor fields in (|4.35[) have the same simple character, which 
we will denote by K>' si . For such complete contractions a will stand for the 
number of factors in one of the forms V^Rijkl, SM^Ri m , V®>n h , V^Y ". 

We now state a technical Lemma, which will be proven in the next paper in 
this series. 

Lemma 4.6 Assume an equation: 



auX^div^ . . . X*div la Q g >^- la h (q^ . . . ; y; 



E 

^2 a,jC J g (Qi, . . . , 0i, . . . , (j) u >), 



(4.50) 



where all tensor fields have rank a/,. > a. All tensor fields have a given u-simple 
character K' simp , for which a > 4. Moreover, we assume that if we formally 
treat the factor VY as a factor V0 u '+i in the above equation, then the inductive 
assumption of Proposition \2.1\ can be applied. 

The conclusion (under various assumptions which we will explain below): 
Denote by 7?2, a the index set of tensor fields with rank a. 

We claim that there is a linear combination of acceptabl^F^ tensor fields, 

5 "Acceptable" in the sense given after p~49)l . 
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Sden adCg' n '" lc " +1 (fix, . . . , fl p , Y, fa, ■ ■ ■ , fa), each with a simple character K' simi 
so that: 

a h C h g ^- l « (fl u . . . , fl v , Y, fa, . . . , ^.OVfcU . • . V la v- 

h£H 2 , a 

X*div ia+1 adC*> il ~ i '*+ 1 (Sl 1 , ftp, Y, fa,... , fa>)V n v. . . V. iQ u = (4 51) 
deD 

+ a t c|(ni,...,n p ,y, fa,... ,4> u ,,v a ). 

t£T 

The linear combination on the right hand side stands for a generic linear com- 
bination of complete contractions in the form \4-4<ty with a factor VY and with 
a simple character that is subsequent to K' simp . 

The assumptions under which ^4-52\ ) will hold: The assumption under which 
j4-52\ ) holds is that there should be no tensor fields of rank a in \4-50ty which 
are "bad". Here "bad" means the following: 

If o~2 = in K' simp then a tensor field in the form is "bad" provided: 

1. The factor VY contains a free index. 

2. If we formally erase the factor \7Y (which contains a free index), then 
the resulting tensor field should have no removable indicesl^ and no free 
indices^^ Moreover, any factors S*Rijki should be simple. 

If "2 > in K' simp then a tensor field in the form \4-4<ty is "bad" provided: 

1. The factor VY should contain a free index. 

2. If we formally erase the factor \7Y (which contains a free index), then 
the resulting tensor field should have no removable indices, any factors 

(2) 

S*Rijki should be simple, any factor V^ b flh should have at most one of 
the indices a , b free or contracting against a factor V</> s . 

3. Any factor V^" 1 -* Riju can contain at most one (necessarily special, by 
virtue of 2.) free index. 

Furthermore, we claim that the proof of this Lemma will only rely on the 
inductive assumption of Proposition \2.1l Moreover, we claim that if all the 
tensor fields indexed in Hi ( in \4-5U\ ) ) do not have a free index in VY then we 
may assume that the tensor fields indexed in D in \4-52ty have the same property. 

Note: It follows (by weight considerations) that none of the tensor fields of 
minimum rank in (|4.47[) is "bad" in the above sense, since our assumption (|3.ip 

55 Thus, the tensor field should consist of factors S*_R ijfci , V' 2 'f2^, and factors Vr™:..r m Rijkl 
with all the indices ri , ■ ■ ■ ,r m contracting against factors S74>h- 
56 I.e. a = 1 in 1030}. 
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does not fall under one of the special cases, as described in the beginning of this 
subsection. 

We also claim a corollary of Lemma l4.6l Firstly, we introduce some notation: 
Y, a g Cf^- A ^ (n 1} . . . , Q p , Y, <j> b+1 , ...An) 

will stand for a generic linear combination of acceptable tensor fields with a 
simple character K ! simp and with a factor V^Y with B > 2 (and where this 
factor is not contracting against any factors Vcfe). 

Corollary 2 Under the assumptions of Lemma \4.6[ with a > 4 we can write: 
a h Xdiv h . . . Xdlr, (f' ■ (0 X! . . . , Sl p , Y, fa,..., 4> u ,) = 

h£H 2 

^ a q Xdiv h . . .XdiVi a ,Cf n (fii, . . . , O p , Y, 0i, . . . ,0 U /) (4.52) 
<?eQ 

+ ^atC^fix,..., O p , Y, 

where the linear combination X^eQ a q Cg' x "' a ' stands for a generic linear com- 
bination of tensor fields in the form jj4-49j l with B > 2, with a simple character 
K,' simp and with each a' > a. The acceptable complete contractions 
Cg(Cli, . . . , Q p , Y, 4>\, . . . , <p u >) are simply subsequent to K' simp - Xdivi here means 
that Vj is not allowed to hit the factors V<f>h (but it is allowed to hit X/^Y). 

We have an analogue of the above corollary when a = 3 (the next Lemma, 
14.71 will also be proven in the paper [7]). 

Lemma 4.7 We assu me jl4-.50fy , where a — 3. We also assume that for each of 
the tensor fields in j?"'1 57 l there is at least one removable index. We then have 
two claims: 

Firstly, the conclusion of Lemma \4-.6\ holds in this setting also. Secondly, the 
conclusion of Corollary^ is true in this setting. 

Before we show that Corollary [2] follows from Lemma l4~6l let us see how our 
desired equation (|4.34p follows from the above corollary: 

Corollary^ (or Lemma \4.7\ when a = 3) implies l{4.34\ ): We introduce an 
operation Op{. . . } which acts on complete contractions and tensor fields in the 
form (|4.49| by formally replacing the factor vlf}. rB Y (recall B > 1) by 

SM y f ^t S Zl ri ...r B . 2 ^r B . lSc+1 r B ^fa . . . V^V^U . . . V*^V. 

57 Recall that H^*'* is the index set of tensor fields of rank a in 1 14. 501 1 with a free index in 
the factor VY. 
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Then, if we apply this operation to (|4.52p and we repeat the permutations by 
which we make (|4.52l) formally zero (modulo introducing correction terms by 
the Bianchi identities P~T5|) . (l4~2T))) . P~2"Tj) ). we derive P~M)) . So matters are 
reduced to showing that Corollary [3] follows from Lemma 14.61 □ 

Proof that Corollary^ follows from Lemma \4.6] ' 

The proof is by induction. Firstly, we apply Lcmma l4.6l and we pick out the 
sublinear combination in the conclusion of Lemma |4. 61 where VY is contracting 
against a factor Vw. That sublinear combination must vanish separately, thus 
we obtain an equation: 

a h C h g ^- 1 - (Sl lt Op, Y,fa,..., fa')V tl v. . . V la v- 
X*div ia+1 aaC^"^^!, . . . ,Cl p ,Y,fa, . . . ,fa,)V n v . . .V ta v = (453) 

deD' 

+ £ atC*(Oi,..., %,Y,fa,...,fa,,v a ). 

teT 

Now, we make the the factors Vu into Xdw^fl (which are allowed to hit the 
factor VY) and we derive a new equation: 

J2 a h Xdi Vil . . . Xdiv it ' (Q lt . . . , Sl p , Y, fa, . . . , fa,)- 

heH^* 

Xdiv n . . . Xdiv ia Xdiv ia+1 ddC^-^i^, . . . , Q p , Y, fa, . . . , fa,) = 

deD' 

a q Xdiv h . . . Xdiv la cfi- 1 * (n u ...,n p ,Y,fa,...,fa,) 

qeQ 

+ J2 a j^ g (n 1 ,...,n p ,Y,fa,...,fa,). 

je.J 

(4.54) 

In view of this equation, we are reduced to proving our claim when H^* = 0. 
That is, we may then additionally assume that in the hypothesis of Lemma l4.6l 
no tensor fields contain a free index in VY (if there are such tensor fields with a 
factor V^Y, we just treat X^div^ Y[. . .] as a sum of /3-tensor fields, (3 > a). 
We will be making this assumption until the end of this proof. 

Then we proceed by induction. More precisely, our inductive statement is 
the following: Suppose we know that for some number / > we can write: 

58 See the last Lemma in the Appendix of |3]. 
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53 a h Xdiv h ...Xdiv ia C^ h - i "(Q 1 ,...,a p ,Y, fa,..., fa,) = 

hGH 2 

53 a q xdiv h . . . Xdiv ia c** (n x , . . . , n p , y, fa , . . . , fa,)+ 

? ^ h ii i ( 4 -55) 

2 , a h Xdiv n . . .Xdiv la+f C g 1 a+f (fii, . . . , Q p , Y, fa, . . . , fa,) + 

hEHi 

where the tensor fields indexed in i/^ still have a factor (which does no£ 
contain a free index) but are otherwise acceptable with simple character K' simp 
and have rank a + f. 

Our claim is that we can then write: 



53 a h Xdiv n . . . Xdiv la C' g l ^-^(n l7 Q p , Y,fa,..., fa,) = 

hGH 2 

53 a q Xdiv h . . . .\<ln; (■■•■ ■ (Cl 1 ,...,n p ,Y,4> 1 ,..., fa,)+ 
53 cihXdiv^ . . .Xdiv la+f+1 Cg' M " Aa+i+1 (fli, . . . , Q p , Y, fa, . . . , fa,)+ 

+ 53 atCKflu ...,Q p ,Y,fa,..., fa,); 

(4.56) 

(with the same convention regarding X)/ie/f /+1 ■ ■ ■ ~it is like the sublinear com- 
bination Y^heH f ■ • • om y with rank > / + 1). 

Clearly, if we can show this inductive step then our Corollary will follow, 
since we are dealing with tensor fields of a fixed weight —K,K < n. 

This inductive step is not hard to deduce. Assuming (|4.55j) . we pick out the 
sublinear combination that contains a factor VY (which vanishes separately) 
and we replace it into (I4.47|) to derive the equation: 



53 a.hXt.div^ . . .X^div ia+f C g ' n '"' lo ' +f (fl 1 , . . . ,Cl p ,Y,fa, . . .,fa>) = 
heH * (4.57) 



teT 



atC g (Oi , . . . , n p , Y, fa , . . . , fa,). 



Now, applying Lcmma l4~6l to this equationl I we derive that there is a linear 



59 Since we are assuming that the terms of maximal refined double character in the hypothesis 
of Proposition 12. II are assumed not to be "special" (as defined in the begining of the previous 
subsection), it follows by weight considerations that no terms in 1 14. 571 1 are "bad" in the 
language of Lemmas 14.61 
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combination of acceptable (a + f + l)-tensor fields (indexed in below) with 
a factor VY and a simple character K' simp so that: 

Y a h Cg' ll '" 1 "' +i (Cli,..., n pi Y, 0i, . . . , u <)V il <u . . . Vi a+f+1 v- 
X*div ia+f+1 Y a d Cg' ll "' lQ+/+1 (Sli, . . . ,Q p ,F,0i, . . . , <j> u >)V i^v . . ■V ia+/ f = 

deDf 

+ ^a t C^ 1 ,...,O p ,y,0i,...,0 u ,,z/*- 7r ). 

teT 

(4.58) 

But observe that the above implies: 

Y a h C h / x - ia+1 (fii, • ■ ■ , fi P , Y, 0i, . . . , <p u ,)Vi 1 v . . . V i a+ j v — 
Xdiv ia+f+1 Y a d C g ' n '" 1 ' x+f+1 (Qi, . . .,Qp,Y,4>i, . . . , 0„/)Vj 1 u . . ■V ia+J ,f = 

deDf 

Y a q Cf %1 '" la+s (ili, . . . , O p , F, 06+1, • • • ,0u') v h u - ■ ■ V ia+/ u 
<?eQ 

+ Y attfisi!, . . . , fip.y, 01, . . . , it ', w a+/+1 ), 

(4.59) 

where the tensor fields indexed in Q are acceptable with a simple character 
K' simp and with a factor V^F. But then just making the Vu's into Xdiv's in 
the above we obtain ([436]) with H^ +1 — D f . □ 

Reduction of equation {4-.^Sfy to Lemmas \4-8\ below: 

We define an operation that acts on the tensor fields in (|4.39p and (|4.4f \ by 
replacing the expression 

S.V<^» ri ...r^ 3 iiV> u+ iV ri U . . . V r ^V Sl 0i . . . W b 

by an expression V ( rr+ i...r m j)iWiV k^l ~ ^ (r T+1 ...r m j)k UJ i^i UJ 2- We denote this 
operation by Repl{. . . }. Thus, acting with the above operation we obtain com- 
plete contractions and tensor fields in the form: 

conir(V (mi) Rijki ® •• • ® V^iiyw® 

S.vWRiju ® ••• ® SM^Riju ® V<f /.^(V^V^ - V^V^) (4.60) 
® V (dl) O p ® • • • ® V (dp) Op V0i ® • • • ® V0 U ); 



64 



here Vri.'.^C- ■ ■ ) stands for the sublinear combination in Vr 1 ... rs (. . . ) where 
each V is not allowed to hit the factor Vo^- 

Definition 4.5 We define the simple character of a complete contraction or 
tensor field in the above form to be the simple character of the complete con- 
traction or tensor fields that arises from it by disregarding the two factors 
V^cJi, Vlu2- For each tensor field in the form J4.6'0| ], we will also define a 
to stand for the number of factors V^Rijkl > >S* R%jkh V^fifc plus one. 
(In other words, we are not counting the W<j)'s and we are counting the two 
factors u>i , u>2 as one). 

We then derive from ()4.40p that: 

^ X + div lc+2 . . . X + div ifl ^ oi ^ 
zez> Ma:c ieL* i h ei,,, 

Repl{C l g - 11 - ^ (Oi, . . . , Q p , fa, . . . , fa)V ih fa +1 V ix v. . . V ih v . . . V ic+1 v}+ 
a t X + div ic+2 . . . X + div^Repl{Cl M -^ (fi X) . . . , Cl p , fa, . . . , fa)V h (f> u+1 

V i2 v . . . V 4c+2 u} - X + div ic+2 ■ ■ ■ X + div lfi+1 

a h Repl{C h g ^- 1 ^ (Ox, . . . , Q p , fa, . . . , fa)V h fa + iV i2 v . . . V lc+1 u} 

heH 

= J2 "jl'<l' l \(^' ''<>:• ...,Cl p ,fa,..., fa^i^u+i V i2 u . . . V lc+1 v}, 

(4.61) 

where here X + diVi stands for the sublinear combination in XdiVi where is 
not allowed to hit the factor Vtt>2- This equation follows from the proof of the 
last Lemma in the Appendix in Thus, we derive that: 

Y a h X*div ia+2 . . . X^divi^X^divi^RepliC^ 11 - 1 ^ 1 (fii, . . . , Q, p , 

h£H 2 

fa, ■ ■ ■ , <MVj 1 <?WlVi 3 W. • ■ ^ic+l v } = 

Y a J Repl{C t g t ^+ 1 (n 1 ,...,Q p ,fa,..., fa)V ll fa +1 V l2 v . . . V lc+1 v}, 
je.J> 

(4.62) 

where here X* stands for the sublinear combination in Xdivi where Vi is not 
allowed to hit either of the factors Vwi,V<x>2- Also J' C J stands for the 
sublinear combination of complete contraction with two factors Vo>i , \7u>2 (each 
with only one derivative). 

We then formulate Lemma l4~8l which we will show in [7]. We introduce one 
further piece of notation before stating this claim: 

60 Be repeating exactly the same argument. 
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Definition 4.6 Let Cg' 11 '"*" (f2i, . . . , tt p , [wi,^], 0i, . . . , 4> U ') stand for a tensor 
field in the form with B = 0. We will say that a derivative index in some 

factor V^Rijki or SM v) Rijki in C^-^i, ftp, [wi.wa], 0i, 0„O is 
"removable " if it is neither free not contracting against a factor V0h ■ 

Now, consider any factor V ri ...r B ^v in CJ' ll- "' ,a , where we make the normal- 
izing requirement that all indices that are either free or are contracting against 
a factor V0/j or Vujf are pulled to the right. We then say that an index in 

Vri...rafi« is "removable" if it is one of the leftmost B — 2 indices and it is 
neither free, nor contracting against any factor V0/i, Vw/. 

Lemma 4.8 Consider a linear combination of partial contractions, 
a*C x a M " Aa (fti, ■ • • , ftp, [wi,w 2 ], <£i, . . . , </w), 

where each of the tensor fields Cg ,ll '" la is in the form {4-60) with B = (Wid 
is antisymmetric in the factors V Wi, VbW2 6 2/ definition), with rank a > a and 
length a > 4^3 We assume all these tensor fields have a given simple character 
which we denote by K,' simp ( we use u' instead of u to stress that this Lemma 
holds in generality). We assume an equation: 

^ axX^div^ . ..X t div ia Cg' n --- la {n 1 , ...,Q p , [wi, w 2 ], 01, ■ ■ ■ ,0u)+ 

^ . (4-63) 

22 a 3 C g(tolt ■ ■ ■ 'ftp, [^1,^2], 01, ■ ■ ■ ,0«) = 0, 

where X^divi stands for the sublinear combination in Xdivi where Vj is in arf- 
dition not allowed to hit the factors Vu>i , VW2 ■ TTie contractions C J here are 
simply subsequent to K' simp - We assume that if we formally treat the factors 
Vo>i, Vu>2 as factors V0 M +i , V0«+2 (disregarding whether they are contracting 
against special indices ) in the above, then the inductive assumption of Proposi- 
tion \2.1\ applies. 

The conclusion we will draw (under various hypotheses that we will explain 
below) is that we can write: 

^ a^X+div^ . . . X + div ia Cg' n -- Aa (fli ) . . . ,Ct p ,[oJi,uj2],(f>i, ■ ■ ■ ,4>u) = 

xGX 

^ a x X + divi ± . . . X + diVi a Cg' ll - la (fti, ...,tt p , [u>x, u/ 2 ], 0i, . . . , 0«)+ ( 4 
2^a 3 -<^(fii, ...,ftp, [wi,w 2 ],0i, ■ ■ ■ ,0«), 



Recall we are counting the two factors , £J2 for one 
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where the tensor fields indexed in X' on the right hand side are in the form 
with B > 0. All the other sublinear combinations are as above. We re- 
call that X + diVi stands for the sublinear combination in Xdivi where V, is in 
addition not allowed to hit the factor V0J2 ( it is allowed to hit the factor V^ b 'cji). 

Assumptions needed to derive fr4.64\ ): We claim fr4.64\ ) under certain as- 
sumptions on the a-tensor fields in {4-63ty which have rank a and have a free 
index in one of the factors Vwi, Vw2 (say to Vwi wlog)-we denote the index 
set of those tensor fields by X a -* C X. 

The assumption we need in order for the claim to hold is that no tensor 
field indexed in X a '* should be "bad". A tensor field is "bad" if it has the 
property that when we erase the expression V[ a wiVb]W2 (and make the index 
that contracted against b into a free index) then the resulting tensor field will 
have no removable indices, and all factors S^Rijki will be simple. 

Lemma 4.9 We assume {4-63\j , where now the tensor fields have length a = 3. 
We also assume that for each of the tensor fields indexed in X , there is a 
removable index in each of the real factors. We then claim that the conclusion 
of Lemma \4-8\ is still true in this setting. 

We will show Lemmas 14. 81 14.91 in [7] . For now, let us see how they imply 

631. 

Note: Observe that (|4.62p satisfies the requirements of Lemma by weight 
considerations, since we are assuming that (|3.ip does not fall under any of the 
"special cases" outlined in the beginning of the previous subsection. 

Thus, we will now apply Lemma [48] (or 14.9)1 to l|4.62j) . 

Consider (|4.62ll . We denote by k* the simple character of the tensor fields 
Repl{Cg ,n "' la+1 }. We then observe that Lemmas 14.81 for l4~9j) imply: 

a h X + div lc+2 X + div w Repl{C h g ^--- 1 ^ {Q u . . . , fi p , 4> u . . . , <f> u ) 

h£H 2 

= a q X + div ic+2 X + div ll3 Cg ltc+2 '" Hi (fii, . . . , fl p , u>i, u 2 , <j>i, ■ ■ -,4>u)+ 
y^QjCqffil; • ■ • ,^p,Wl,W2,01, ■ ■ .,</>«), 

(4.65) 

where each (Jg ,la+2 "' (Q lf _ , , ; fj p) u>i, lu 2 , <f>x, ■ ■ ■ , <f> u ) {ft > M + 1) is a generic 
acceptable tensor field in the form (|4.60[) , with the additional restriction that it 
has an expression V+(V a wi V&W2 — V a W2V;,u;i)[^l Also, each 

62 Recall that Vj stands for the sublinear combination in V x where V x is not allowed to 
hit Vt<J2 
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C J g (fli, . . . , ftp, uj\, <J2) 4>ii ■ ■ ■ : 4>u) is in the form (|4.60[) with (B = 0) but is also 
simply subsequent to k*. 

We now define an operation Op* which formally acts on the complete con- 
tractions (and linear combinations thereof) in (|4.6ip by replacing each expres- 
sion vj^p rjf )WiV 7 o;2l^| by an expression: 

(*-!)• V^L^+i 

This operation can also be defined on the tensor fields appearing in (|4.40p . Be- 
fore we proceed to explain how this operation can act on true equations and 
produce true equations, let us see what will be the outcome of formally applying 
Op* to the equation (|4.61|) : 

Op* acting on proves \4-.4 3\ ): For each ! £ L z , we denote by 

ClMie + 2-i» (Oi, . . . , b+1 , . . . , <j, u ) Vll <j> v+1 

the tensor field that arises from C g ' 11 Vi h (j) u+ i (as it appears in (14.40(1 1 by 
replacing the A-crucial factor 

sM^ih^yf-.-y^r^klV^u+l^fo ■ ■ ■ V^V^ . . . V^U (4.66) 
(i 2 , . . . , j w are the free indices that belong to that critical factor) by 

We analogously define the tensor fields Cg '* llc+2 '" v+1 (f2i, . . . , fl p , fo+i, ■ ■ ■ , 4> u ), 
Cg 111,1+2 '" % "(Cli, . . . ,fl p , <f>b+i, ■ ■ ■ , c/)u)^i 1 4 l u+i- Observe that for the tensor fields 
indexed in H, this is a well-defined operation, since we are assuming that H2 = 
in (|4.61[) (thus for each of the tensor fields above we will have that at least one 
of the indices ^ , . . . , Tu , x in (|4. 66|) is not contracting against a factor V0 or Vv). 

We observe that for each I G L z ,z G Z' Max : 

Op*{Xdiv ljr+1 . . . Xdiv^Repl{C l g - 11 - ^ (fii, . . . , fi p , fa, . . . , (f> u )V ih (f> u+1 V l2 v . . . V ljr 
= Xdivi„ +1 ■ ■ ■ Xdiv^C 1 / 1 ^-^ (fit,..., n p , b+1 , . . . , 0„)V n u+ i + 

6+1, • • • , 0«+i); 

(4.67) 

(the tensor fields and complete contractions on the right hand side have length 
g — b + u. Here each g has length cr — b + u + 1) and also has a factor 
V^cp u+1 ,s > 1. 

In the same way we derive that for each h 6 H (recall that H2 = 0, hence 
the factor V( K V in each C^-V+i has k > 1) and for each t G T: 

63 (... ) stands for symmetrization of the indices between parentheses. 
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Op*{Xdiv lc+2 . . . Xdiv iii+1 Repl{C^ M -^ +1 (fti, . . . , £l p , <j> u . . . , (p u )V ll (p u+1 
V l2 v. . . V v u}} = Xdiv ia+2 . . . Xdiv.^ +1 C h / 11 ^- 1 ^ (fii, . . . , Q p , 4> b+ u <t>u) 

6+1, • • • , <f>u), 

(4.68) 

Op*{Xdiv lc+2 . . . Xdiv iti Repl{C t g ll - l » (fii, . . . , fi p , 0i, . . . , 0„)V n (/) u+ iV i2 u . . . V, 

= Xdiv ie+2 . . . Xdiv^c*/^-^ (ni, . . . , n p , 4> b+u . . . , 0„)v ll ^+i+ 

y^gjC^(Oi, . . . ,f2p,^6 +1 , . . .,<f> u +i), 

(4.69) 

where each C| has length er — b + u + 1 and also has a factor V^Vu+ii s > 1- 

Op* produces a true equation: Now, let us explain why acting on (|4.61[) by 
Op* will produce a true equation: We break up (|4.61[) (denote its left hand side 
by F) into sublinear combinations F , according to the number K of deriva- 
tives on the factor V^wi. Since (|4.61[) holds formally it follows that F K = 
formally (modulo longer contractions). We then apply Op* to each equation 
F = 0. This produces a true equation since we may just repeat the per- 
mutations by which F K is made formally zero to Op»{F K }. Adding over all 
equations Op*{F K } = 0, we derive our conclusion. □ 

For future reference, we formulate a corollary of Lemma l4.8l 

Corollary 3 We consider a linear combination of a-tensor fields of weight —n+ 
a and length a 

^ a w C g v ' ll - ta (fix, . . . ftp, 0i, . . . , <f) b ), 

where each tensor field above has a given b-simple character k* and a given 
rank a. We assume that for a given factor T — 5* ^^...r^Rijki (for which the 
index i is contracting against a given factor \7(f>k ) each tensor field indexed in 
W has the feature that the factor T has at least one of the indices ri , . . . , Tv , j 
not contracting against a factor V0 (for this Lemma only we refer to this as the 
good property). Assume an equation of the form: 

a w Xdiv tl . . .Xdiv la Cg- ll - la (Q u 
a h Xdiv ll ...Xdiv l ^ ll - l '(n 1 ,. 



. Q p , (pi,..., 4>b)+ 



.Op, 0i, . . . ,4>b) 



(4.70) 
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where each tensor field indexed in H has a b-simple character k» has rank z > (3 
(for some chosen (3), and does not satisfy the good property. Furthermore, we 
assume that for these tensor fields of rank exactly 13, if we formally replace the 
expression S„\/ i *ri...r lJ Rijki by V^ + * jV^ 1 ^(] w 2, then the resulting tensor fields 
satisfy the hypotheses of Lemma \4-.8\ or \4-9\ Each complete contraction indexed 
in J' is simply subsequent to ft*. 
We then claim that: 



£ a w Xdiv n . ..Xdiv^C^-^iQx, ...Q p ,fa,..., fa) + 

^ ai l Xdivi 1 ... Xdivi;Cg ,ll '" lz (VLi, ... il p , fa, fa) (4 71) 

hew 

where each tensor field indexed in H' are as the tensor field indexed in H above, 
only they now satisfy the good property. Each complete contraction indexed in 
J is simply subsequent to re* . 

Proof: The proof just follows by reiterating the argument above: We first 
use the operation Repl{. . . } as above, and then apply Lemma |4~51 We then use 
the operation Op{. . . } as above and then the operation Add. □ 



4.5 Derivation of Proposition [2.11 from Lemma 13.51 

Firstly observe that we only have to show the above claim in case A, since in 
case B the claims of Lemma T3. 5 1 and Proposition 12. II coincide. 

Proof in two steps: We show that Lemma [3751 (in case A) implies Propo- 
sition [2J] in steps: Firstly, using the conclusion of Lemma l3~5l we show that we 
can derive a new equation: 




J2 ai J2 xdm ^ ■ • ■ xdiv u c , / i -^+ i - i '" i ' (fix, . . . , n p , fa, . . . , <j> u ) 



V lT . Q+2 u+ i + ^ a v Xdiv lt . . . Xdiv ifl Cg M -'' l >'(Qi, . . . , Cl p , fa, . . . , fa)V ^fa+i 

VEN 

+ ^2 a t Xdiv h ...XdiVi zt Cg H '" lzt (O x , . . . , Q p , fa, . . . , fa+x) = 
tefi 

y^ajC%(Oi, ...,Q p ,fa,.. .,fa+i) = 0; 

(4.72) 

(notice the difference with (|3 . 1 0[) is that we are not including T2,T^,T^ and 
T\ has been replaced by Ti). Here the sublinear combination indexed in T± 
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stands for a generic linear combination of the form X^teTi • ■ ■ described in the 
statement of Lemma 13.51 This is step 1 . 

In step 2 we use (I4.72j) to derive Proposition ^. II 

Special cases: There are two special cases which we will not consider here, 
but treat in [7]. The first special case is when a — 3,p = 30 and n — 2fi—2u < 2. 
The second special case is when cr = 3, p = 2, (7 + 2=1 and n = 2/j + 2u. For 
the rest of this section, we will be assuming that we do not fall under these 
special cases. 

Proof of Step 1: Recall that X)teT 4 • • • appears only when the second critical 
factor is a simple factor of the from V^fifo. In that case, we choose the 
factor V' B 'r2 x (referenced in the definition of the index set L*) to be the factor 

V( B 'Slh- (In other words we set x = h). In order to show (|4.72p . we recall the 
hypothesis L* = in Lemma 13.51 In other words, we are assuming that no 

tensor field C g ' n '" 1 ' 1 in (|2.3p has two free indices belonging to a factor V^fi/i. 

Now, refer to the conclusion of Lemma 13.51 (in case A). In view of the 
above remark, it follows that none of the /i-tensor fields Cg 12 \7 i2 (f> u+ i 
or Cg' n '" lfl Vjj^u+i have an expression Vifi^VVu+i- Thus, all tensor fields on 
the RHS of (|3.10[) with such an expression are indexed in T4 (and have rank 
z t > by definition). 

Now, we will firstly focus on the sublinear combination 

^ a t Xdiv, L1 . . . Xdivi H Cg %1 '" %H (Oi, . . . , fl p , 0i, . . . , <j) u +i) 
teT 4 

(recall z t > fx) if it is nonzero. (If it is zero we move onto the next stage) . We 
firstly seek to "get rid" of the tensor fields indexed in T4. More precisely, we 
will show that we can write: 

a t XdiVi x . . . XdiVi It Cg' tl '" % * t (Qi, 

teT 4 

a t Xdivi 1 . . . Xdivi^^g 11 '" 1 * 1 (Oi, 

Pu+l), 

(with the same notational convention for the index set T\ as above). If we can 
prove this, we will be reduced to showing Step 1 under the assumption that 
T 4 = 0. 

Proof of \4- 7S[ From (|3.10[) we straightforwardly derive that: 

64 Recall that p stands for the number of factors V^'f^ in Pt s i mp . 



,Q p ,(f>l,...,<l) u+ l)+ 



(4.73) 
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^ atX^div^ . . . X*divi zt Cg ll '" lzt (fix, . . . , Cl p , fa, . . . , fa+i) = 0, (4.74) 

*GT 4 

modulo complete contractions of length > a + u + 2. Here X^divi stands for 
the sublinear combination in Xdivt where is additionally not allowed to hit 
the expression V kto/ l \7 k (j) u+1 . 

We observe that (I4.73P follows from Lemma fPl if cr > and from Lemma 
[42]if ct = 31!1 □ 

Thus, we may now prove our claim under the additionnal assumption that 
T4 = 0. Next, we want to "get rid" of the sublinear combination: 

^ a t Xdiv n . . .XdiVt^Cg 11 '" 1 ^^, . . . , fl p , fa, . . . ,fa+i) 

t£T 3 

in (l3~TUl) . 

In particular, we will show that we can write: 

^ a t Xdivi t . . . Xdivi^Cg 11 '" 1 ^ (fii, 
ter 3 

^ a t Xdiv ix ...XdiVi xt C g ' n '" t * t (£li, 
tefi 

y^OjC'j(Oi, ...,ft p ,fa,.. .,<j>u+i); 

(Ster ■ ■ ■ st an ds for a generic linear combination as described in the conclusion 
of KW, ). 

Thus, if we can show the above, we may additionaly assume that T3 = 0, in 
addition to our assumption that T4 = 0. 

Proof of [4- when a > 3: Break up T 3 into subsets {T^}h=i,..., P according 
to the factor Vfi^ that is differentiated only once. We will then show (|4.75|) for 
each of the index sets T 3 separately. 

To show this, we pick out the sublinear combination on (I3.10|) with a fac- 
tor VQh (differentiated only once). This sublinear combination must vanish 
separately, hence we derive an equation: 



, top, fa, ■ ■ - ,fa+i) 



,to P ,fa, ■ ■ - ,fa+i)+ 



(4.75) 



y^ a t X*div 2l . . . X*diVi H Cg H '"' tzt (Qi, . . . ,Q p ,fa, . . . ,fa+i) 

t^T h 

* (4.76) 
+ } ^ajC J g (Qi, ...,Ct p ,fa,.. .,4> u+ i) = 0, 



65 By the definition of 5ZteT 4 ••• ' n statement of Proposition 12.1 1 the assumptions of 
Lemma |4. H are fulfilled. 

66 Notice that since we are assuming that 1 13. It does not fall under the special case (described 
in the beginning of this subsection) the requirements of Lemma 14. 21 arc fulfilled. 
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modulo complete contractions of length > er + w + 2; here as usual X*diVi stands 
for the subinear combination in Xdivi where Vj is not allowed to hit the one 
factor Vilh- 

Then, we see that (|4.75l) follows from (|4.76[) by applying Corollary [2] above 
(since /i > 4 there are at least 2 derivative free indices for all maximal /x-tensor 
fields in our Lemma assumption; therefore there exist at least two derivative 
free indices for each tensor field indexed in T3, by weight considerations hence 
the requirements of Corollary Q] are fulfilled). □ 

Proof of {4. 75\ ) when a — 3: We apply the technique of the proof of Lemma 
14.21 ( "manually" constructing Xdiv's) to write out: 

a t Xdiu h . . . Xdiv Zt a t C t g n '" l * t (fii, . . . ,tl p ,fa, . . . ,fa+i) = 

t6T 3 

(Const^Xdivi, . . . Xdiv^C; 1 ^ 1 - 1 ^ 1 ^, . . . , fi p , fa, . . . , <j) u+ i)+ 

(Const^Xdivi, . . . Xdi«i A C* 2,<1 "- ,A (fii, . . . , fi p , fa, . . .,cj) u+1 )+ 

^ a t Xdiu h . . . Xdiv Zt a t Cg^"' %H (fii, . . . , fi p , fa, . . . , fa+i)+ 
tefi 

^2 a J C g(toi> - ■ ■ i&pAu ■ • > ■> <?W0> 

where the tensor fields C* g ,n "" ' lA+1 , Q*2,ti—*A are zer0 un less p = 3 or &\ = 2 
or (T2 = 2 or o\ — a 2 = 1 ( m the last case there will only be one tensor field 
q* j n a ij 0ve ^ j n those cases, they stand for the following tensor 

fields: 

pcontriV^l^^n, ® V^ ) . ibH1 ... 2/r fi 2 ® V" 1 ^ ® . .. V'^+i ® V u+1 fi 3 ) 



pconfr(V s v|f ) . ioU1 ...„ t ni ® VJf). Ai , 1 ... 1 , r f2 a ® V" 1 ^ ® . . . V^fa +1 ® V s fi 3 ) 
(here if r > 2 then & = 0; if r < 1 then y = 2 — r). 

pc ntr(V^ ) . iattl ... Ut ^ o+1 ,- io+2i ®vW.. Br ^ o+ 3^ o+ >V"^ 1 . . . V^ u+ i®V iA+1 fii), 

pcon^V^^.^i?^^ . . . V^„+i®V s fii). 

(In fact if t + r = then there will be no c^Mi-U+i in gJ7|)). 
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(4.78) 



® V Ml 3 ® . ..V^^+i ® V s Oi) 

(4.79) 



pc ntr(^V^ ) . iotli ... Ut i?, ia+lla+2; ® VW.^^ 1 ® V>i ® V*'& 
® V U1 03 <8> •■■ V" ® V s ^i). 

As in the proof of Lemma l4.2l we then derive that (Const)x,* — (Const)-},* = 
in those cases; thus our claim follows in this case also. □ 

Now, under the additional assumption that T3 = T4 = 0, we focus on the 
sublinear combination 

atXdiv^ . . . XdiVi H Cg' 11 ''"' 1 '* (fi x , . . . , n p , fa, . . . , </> u+ i) 

*eT 2 

in (|3.10p . We will show that we can write: 

^ a t Xdiv it . ..XdiVi zt Cg %u '"' l!lt (Cli, . . . , Q p , fa, . . .,fa + x) = 

t£T 2 

a t XdiVi x . . . Xdivi^Cg 11 ''"' 1 ** (fix, . . . , Q p , fa, . . . , fa+i)+ ^ 
22a,jC J g (ttx, . . . ,£l p ,fa, . . . , <f> u+ t), 

where the notation is the same as in the statement of Lemma l3.51 and moreover 
^2 te f ■ ■ ■ stands for a generic linear combination of the form described after 
(|4.72p . For each t £ fx we have z t > fi. 

We will show a more general statement, for future reference. 



Lemma 4.10 Consider a linear combination of acceptable tensor fields, 
~l,ii...i z , 

ieL t 



y^ aiCg %1 '" 1 " 1 (flx, . . . ,Q p ,fa, . . . , fa)V 'hfa+x 



with a u-simple character K S i mp (cr > 3) and with a (u + 1) -simple character 
^timp' w h ere i- n addition we are assuming that ifV^fa+x is contracting against 
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a factor V^ 71 ^ Rijki then it is contracting against a derivative index, whereas if 
it is contracting against a factor S*V^ RijM it must be contracting against one 
of the indices ri , . . . , Tu , j. (This is the defining property of the (it + I) -simple 
character n+ mp ). 

Consider another linear combination of acceptable tensor fields, 

0«)Vi 1 ^ u+ i 

ieL 2 

with a u-simple character K S imp and weak (u+1)- character equal to Weak(K~^ imp ), 
where in addition Vj^u+i is either contracting against an internal index in 
some factor V^ m ^ Rijki or an index % or i in a factor S*S7^"' Rijki ■ We moreover 
assume that each I £ £2 we have zi > 7, for some number 7, and denote by 
L\ C L2 the index set of the tensor fields with order 7. 
Assume that: 

Xdiv l2 . . . Xdiv lzi ^ aiCg ...,Q, p , cf) U 

Xdiv i2 . . .Xdiv lz[ ^ aiCg 11 '" 1 " 1 (^1, . . . ,fl p , 4>i, 

l£L 2 

^2 a j C g n (^l' ■ ■ ■ ,%,<t>\, ■ ■ ■ >«)Vi 1 u+ i, 

where each Cp 11 is u-subsequent to n S i mp . Furthermore assume that the above 
equation falls under the inductive assumption of Proposition \2.1\ ( with regard 
to the parameters weight, a, $, p). Furthermore, we additionally assume that 
none of the tensor fields (J s '' ll '" iz i j minimum rank in \4.82^\ are "forbidden" 
in the sense of Proposition \2.1l 

Our first claim is then that there exists a linear combination of (7 + 1)- 
tensor fields, Yl,ieL' a iCg 11 "' 1t+1 (f^, . . . , f2 p , <\> x , . . . , <fi u )Vi 1 (/) u +i with u-simple 
character k and weak (u+ \)-character equal to Weak(K^ imp ), where in addition 
V il (/) u+ i is either contracting against an internal index in some factor V^R ijk i 
or an index k or 1 in a factor S*\7^ Rijki, so that: 

67 I.e. of rank 7. 



(4.82) 
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53 atCjf 1 ™* (fli, . . . , flp, 0i, . . . , u )V il u+ iV; 2 u . . . V^u 

- Xdw iT+ i 53 a iCg 4l ^ ,T+1 ■ ■ ■ , Hp, 0i, ■ ■ ■ , <t) u )V ll (f> u+1 V l2 v. . . V^v 

+ 53 ' {Hi, ■ ■ ■ , Hp, 01, • • • , <\>u )V n c/) u+1 V i2 v . . . V. H v+ 

53 (fii, . . . , ftp, 0i, . . . , 0„)Vi 1 u+ iV i2 u . . . Vi 7 u; 

(4.83) 

/iere eac/i Cg 1 "' l ' T is u-subsequent to K s imp- The tensor fields indexed in L\ are 
like the ones indexed in L\ in \^.8<fy , but in addition each z\ > 7 . 

Our second claim is that assuming l{4-82\ ) we can write: 

Xdiv l2 . . . Xdiv %H 53 tyC/ 1 (fti, . . . , ft p , 0i, . . . , 0„)V il 0„ + i = 
53 aiXdiv i2 . . . XdiVi H Cg n "' 1 "' (fti, . . . , Q p , 0i, . . . , u )V j;i u+ i + u §4) 

53 a jCg ll (^l> ■ ■ ■ ,ftp,01, ■ ■ ■ ,0„)Vj 1 0«+l, 

where C 3 g ' %1 is u-subsequent to K^ imp . 

Our third claim is that if 7 is the minimum rank among all tensor fields 
in L\ (J L2 in our assumption and Lj, L\ their respective index sets, then there 
exists a linear combination 0/(7 + 1) -tensor fields, 

^2i£L 3 a>iCg ll '" 1 "' +1 (fti, . . . , ftp, 4>i, ... , u )Vj 1 u +i wra£/i u-simple character k and 
weak (u + \)-character equal to W eak(it^ imp ) so that: 

53 aiC 1 / 1 -^ {Hi, ■ ■ ■ ,H P , 0i, • • • , 0«)V il u+ iVi 3 « . . . V iT u 
- Xdivi y+1 53 ajC^-^+^fii, ...,O p ,0i,.. . , u )Vi 1 u+ iV i2 u . . . W^v = 
53 tyC^ ' {Hi, ■ ■ ■ , Hp, 01, • • • , 0«)V il u+ i V i2 u . . . Vi,v; 

(4.85) 

here each Cg'"~ l is u-subsequent to K s imp- 
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We observe that if we can show the above, then our claim (|4.81[) follows from 
the second step of this Lemma. 

Proof of Lemma \4-10\ We firstly remark that in proving Lemma ft.lOl we will 
use Lemma T5.21 which is stated and proven in the Appendix of this paper. We 
also easily observe that the third claim above follows from the first two. So we 
now prove the first two claims in that Lemma: 

Proof of the second claim of Lemma \4-10\ ' We now show that the second 
claim follows from the first one. 

We will show this by induction. We assume that mini^ 2 z t = 7' > 7. We 
denote the index set of those tensor fields by L 2 C L 2 . Then, using the first 
clairrF^l and making the Vus into Xdivs, we derive that we can write: 

^ a t Xdiv n . . . Xdiv^Cg* 1 ''"' 1 * 1 (fii, . . . , ft p , fa, . . . 

aiXdiv^ . . . XdiVi H Cg %u '"' % ' 1 (fii, . . . ,O p , fa, . . . 

ieL' 2 

aiXdiv h . . . Xdiv lzi C 1 / 1 '-^ (Oi, . . . , fl p , fa, . . . , 
y^qjC^(Qi, ...,Q p ,fa,.. .,fa+i), 

where the tensor fields indexed in L' 2 are of the exact same form as the ones 
indexed in L2 in (|3.5p , with the additional property that zi > 7' + 1 . We notice 
that since we are dealing with tensor fields of a given weight — n, iteratively 
repeating this step we derive our second step. (Note: If at the last step we 
encounter a "forbidden case" then clearly 7' > 7-we then apply Lemma 15.21 
below with $ = 1). 

Proof of the first claim of Lemma \4.10\ ' The proof requires only our inductive 
assumption on Corollary [T] We have two cases to consider: Firstly, when the 
factor V0 u +i is contracting (in K+ mp ) against an internal index (say i with no 

loss of generality) of a factor V^" 1 -* Rijki- Secondly, when the factor Vfa+i is 
contracting against an index & of a factor 5»V^^ Rijki- 

Proof of first claim of Lemma \4-10\ in the first case: In the first case, we 
define an operation Cutsym that acts on the tensor fields indexed in L2 by 
replacing the expression vi™}. rm RijkiV ri fa 1 ■ ■ ■ ^ ra 4>t a V*^«+i by an expression 
S*Wr^ + ^}.r n Rijki VVti+i- We observe that the tensor fields that arise via this 
operation have a given simple character which we will denote by K C ut- For each 

e8 Provided that there are no terms indexed in which are forbidden. 



• <f>u+l) + 



(f>u+l) + 



(4.86) 
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I € L2 we denote by 

Cg' 1 "'* 2 ' . . . , ftp, 01, . . . <j) rai <j) rat , . . . , 0„)V il u + l 

the tensor field that we obtain by applying this operation. 

We also define the operation Cutsym to act on the tensor fields indexed 
in L\ by replacing the the expression VrT..r m Rijki^ ri 4't 1 ■ ■ ■ V ra ta V b n+ i by 
a factor V ( ^^\r m Rijki^ rb (t ) u+i- Now, by applying the eraser to the factors 
V ri 4>t 1 ■ ■ ■V Va 4>t a and ^-symmetrizing, we may apply CutSyra to (I4.82|) and 
derive an equation: 

Xdiv l2 . . . Xdiv lzi ^ aiCg 11 '" 1 *' (fii, . . . , ft p , 0i, . . . rai , . . . , rat ,...,<j> u ) 

Vi^+l = y^QjCg' 1 (ftl, . ..,ft p ,01,. ■■<j)r ai , ■ ■ • ,</>r„ t , ■ • •,0u)V il 0„+l, 

(4.87) 

where each is (u — a)-subsequent to n C ut- We may then apply Corollary [T] to 
the above0 This follows since either the weight in (|4.87p is — n', n' < n, (this 
occurs when we erase factors V0t upon performing the operation CutSym), or 
the weight is — n and there are u + 1 factors V0/j in (|4.87p . Thus, our inductive 
assumption of Corollary Q] applies to (|4.87[) . 

Thus, by direct application of Corollary [T] (which we are now inductively 
assuming because either the weight is > — n or there are (u + 1) factors V0) to 
(|4.87p we derive that there is an acceptable linear combination of (7+ l)-tensor 
fields with a simple character K cut , say 

^ a x Cg' ll -^ +1 (ni, . . . , ftp, 01, ■ ■■<t>r ai ,- ■ ■ ,<l>r at , ■ ■ mWVu^i+I, 

xex 
so that: 

2J aiC l g ' tl, " t -' (Cli, . . . , ftp, 0i, . . . rai , . . . , r „ t , . . . , 0u)V n u+ iV i2 w . . . V ly v- 
a x Cg' ll - l -> +1 (fti, . . . , ftp, 01, . . . (j> rai $ rat u )Vi 1 u+ lV i2 U . . . V s u 

xGX 

= X! a i C g lX '"' 1 "' (ftl, • • ■ , ftp, 01, ■ ■ ■ 0r ai , ■ ■ ■ , 0r at , • ■ ■ , 0u ) Vj x 0„+l V; 2 U . . . V^U, 

(4.88) 

where each tensor field C g is subsequent to n cut . 

69 Corollary [T] may be applied by virtue of our assumptions on various terms in our Lemma 
assumption not being "forbidden". This ensures that the terms of minimum rank in 14.8711 
are not "forbidden" in the sense of Corollary IT1 
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Now, we define an operation Add that acts on the tensor fields above by 
replacing the expression £*Vf^7„. rn -Ryjy V'fa+i by an expression 

V ri ... ro 5*V^-°. ) rm i? ijH V r Vt 1 • ..V r "fa a V l fa +1 . 

In case Vfa+i is contracting against some derivative index in some V^-Rijjy , 
it adds on the factor V^ m 'Rijki against which V0 u+ i is contracting a derivative 
indices and contracts them against factors V0 ai , . . . , fa t . By applying the op- 
eration Add to (|4.88[) we derive our desired equation (|4.83[) . □ 

The second case is treated in a similar fashion. We now define a formal 
operation CutY as follows: CutY acts on the tensor fields indexed in L2 
by replacing the expression S^V^... ri ,Rir v+1 ki^ ri fa 1 ■ ■ ■ ^ ra fa[ a ^ 1 fa a +i^ k fat+i 
by an expression ~ a r +2 ^ > i[ Y\7 ra fa a , (if there is at least one factor Vfa con- 
tracting against our factor S^V^ Rijkf, if there is no such factor we replace 

S*V^i...r v Rir„ +1 ki^ i <t)t a+1 ^ k 4>u+i by V%t% +1 i Y - We wil1 denote the tensor 
field thus obtained by 

C g ' n "' 4z! (fli, . . . , Cl p ,Y, <j>i, . . . fax-, ■ ■ ■ j fa a+1 , • • • j fa)- (Observe that it is accept- 
able if we treat the function Y as a function f2 p +i. We observe that all the tensor 
fields that arise thus have a given simple character which we will denote by K c ut)- 
We also define CutY to act on the tensor fields indexed in L\ by replacing them 
by zero. Finally, it follows easily that the operation CutY either annihilates a 
given complete contraction C g , or replaces it by a complete contraction that is 
subsequent to n cut . 

Now, by virtue of Lemma E3~4l and the "Eraser" (defined in the Appendix of 
[3]), we see that applying CutY to (|4.82[) produces a true equation which can 
be written as: 

Xdiv i2 . . . XdiVi H ^ aiCg ll "' %H (fix, . . . , Vt p , Y, fa, . . . fa i; . . . , fa a+1 , ...,fa) = 

l£L 2 

Y / a k c^(n 1 ,...,n p ,Y 1 fa,...fa 1 ,... 1 fa 

a + 1 ! ■ ■ ■ 7 fat)) 

k£K 

(4.89) 

where each Cg is simply subsequent to K cu t- Thus, by direct application of 
Corollary [1] to (I4.87p l 70 l we derive that there is an acceptable linear combination 
of (7 + l)-tensor fields with a simple character n cu t, 
J2xex a x Cg ,ll '" l ' ,+1 (fix, . . .,Vt v ,Yfa, ...fa ± ,.. .,fa a , fa), so that: 

70 The observation in the previous footnote still applies-by virtue of the assumptions imposed 
in our Lemma hypothesis, 1 14. 871 1 does not fall under a "forbidden case" . 
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aiC^-^iSl!, . . . , O p , Y, <k, ■ ■ -ki, ■ ■ ■ , • • • . <t>u)V l2 v . . . V h v- 

<>,\<in-, ..('■:;■"■■■' • (Oi, . . . , n p ,Y, 4>x, . . . 4> tl , . . . , <j> ta , . . . , 0„)v l2 u . . . v^u 
= Y, a kCg> ll - l -> (n 1 ,...,n p ,Y<p 1 ,...^ tl ,...,$ ta ,..., <f) u )v l2 v . . . w iy v, 

(4.90) 

where each tensor field Cg is subsequent to n cut . (Note that the LHS in (|4.89[) 
has weight > — n, hence Corollary [1] applies, thanks to our inductive assump- 
tion). 

Now, we define a formal operation UriY that acts on the tensor fields above 
by replacing the expression t B Y, B > 2 by an expression 

Vrf.:^^.tB- 2i -»%M Vri ^i ■ ■ ■ V r »0 ta V i 0t. +l V*^ t +i. By applying the oper- 
ation UnY to (|4.90p (and repeating the permutations by which (|4.90p is made 
formally zero, modulo introducing correction terms by virtue of the Bianchi 
identities-see (|4.19l) . (|4.20p . (|4.2ip ) we derive our desired equation (|4.83|) . □ 

This completes the proof of step 1 (in the derivation of Proposition 12.11 (in 
case III) from Lemma 13.51 □ 

Proof of step 2 (in the derivation of Proposition \2.1\ ( in case III) ) from 
Lemma lKR ' We consider (I4.72p . (where all the tensor fields are now acceptable, 
by definition). Recall that the (u + — l)-refined double characters that 
correspond to the index sets L z , z £ Z' Max in (|4.72p (we have denoted them by 
L 2 '") are the maximal ones. Now, we can apply our inductive assumption of 
Proposition O to 10711)0 

We derive that for each z £ Z' Max , there is a linear combination of acceptable 
/x-tensor fields (which satisfy the extra restriction if it is applicable), 



Out <Pu+l ) 



pgP' 

with a (u + 1, /i — l)-refined double character L z '", so that for any z £ Z' Ma 



71 The inductive assumption of Proposition 12. ll applies here since we have weight — n but 
have an extra factor V<£ u +i. Observe that the (fi — l)-tensor fields in that equation have no 
special free indices, hence there is no danger of "forbidden cases". 
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/ \ fe-1 
a 



2, 



r=l 



^ OpXdw^Cf'* 1 -*"^!, . . .,n P) 0i, . . . ,0„, u +i)Vi 1 w. • • Vi^v = 
peP' 

(4.91) 

modulo complete contractions of length > a + u + fi+1. Here each C fe is (simply 
or doubly) subsequent to each Z 2 '", z G Z^ aa , . 

We then define a formal operation Op that acts on the tensor fields in the 
above by performing two actions: Firstly, we pick out a derivative index in the 
critical factor (the unique factor that is contracting against the most factors 
Vf ) that contracts against a factor and erase it. Secondly, we then add a 
derivative index onto the A-crucial factor and contract it against the above 
factor Vv. 

Let us observe that this operation is well-defined, and then see that it pro- 
duces a true equation: The only thing that could make this operation not well- 
defined is if no factor Vu is contracting against a derivative index in the critical 
factor (this can only be the case for factors S*V^ Rijki with v = 0). But that 
cannot happen: Recall the critical factor must start out with at least two free 
indices (none of them special) , and then we add another derivative index onto 
it. Thus in all complete contractions in (|4.91|) there are at least three factors 
Vu contracting against (non-special) indices in the critical factor. Thus, our op- 
eration Op is well-defined. By the same reasoning, observe that our operation 
Op produces acceptable tensor fields. 

We then set <fi u +i — v. We have observed that Op is well defined, and we 
see that after we set (j) u +i — v, we will have that for each I £ L z , z £ Z' Max : 



(>l'(1: ,: ' "•S<>i. . • • ,Slp,<h, ■ ■ ■ , 0„)V 4l u+1 V l2 u . . . V u v] = 

c£ ii " i "(n 1 , . . . , sip, 0i, . . . , u )v n u . . . Vi M v. 



(4.92) 



Hence, applying Op to (|4.9ip (which produces a true equation since (|4.9ip holds 
formally) gives us step 2 and thus we derive the claim of Proposition 12. II in case 
III from Lemma [3751 □ 



5 Appendix. 

5.1 A weak substitute for Proposition 12. ll in the "forbid- 
den cases". 

We present a "substitute" of sorts of the Proposition 12.11 in the "forbidden 
cases" . This "substitute" (Lemma 15.21 below) will rely on a generalized version 
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of the Lemma 14.101 Lemma 15.11 which is stated below but proven in [7] . The 
generalized version asserts that the claim of Lemma [4.101 remains true, for the 
general case where rather than one "additional" factor V</> u +i we have (3 > 3 
"additional" factors V(j> u +i, . . . , \7<fi u +p. Moreover, in that case there are no 
"forbidden cases" . 

Lemma 5.1 Let J2 leLi ^n-V-Wt-W^ (C^, ... ,Q P , </>!,... , 4> u ), 

S;ei 2 aiCg %1 lhl ,th i +1 '" lb i +l3 (Oi, . . . , f2 p , </>i, . . . , 0„) stand for two linear com- 
binations of acceptable tensor fields in the form i2.2\) . with a u-simple character 
Ksimp- We assume that the terms indexed in L± have rank /i + (3, while the ones 
indexed in Li have rank greater than \i + (3. 
Assume an equation: 

^ aiXdiv n . . . Xdiu^Cg 11 '" 1 ^ 13 (Oi, . . . , tt p , <j>y, . . . , <j) u ) Vj^u+i . . . Vipfiu+p 
ieL t 

+ ^2 aiXdiv^ . . . Xdiv ih Cg ll "' ti>! ~ H3 (f2i, . . . , Sl p , <j>i, , . . , (j> u )V it (f> u+1 . . . V i(3 u+/ 3 

l£L 2 

+ y^ a j^q(^l! ■ • • ,^ p ,0i, . . .,<p u+ p) = 0, 

je.J 

(5.1) 

modulo terms of length > a + it + + 1 . Furthermore, we assume that the above 
equation falls under the inductive assumption of Proposition 2.1 in '61 (with 
regard to the parameters weight, cr,(fr,p). We are not excluding any "forbidden 
cases". 

We claim that there exists a linear combination of (/i + f3 + 1) -tensor fields 
in the form H2.2\) with u-simple character K S imp and length a + u (indexed in H 
below) such that: 

aiC 1 / 1 -^ ^!, . . . ,fi p ,^i, . .. , u )Vu0„+i • • ■ Vi^+pVi.v . . . V v u 

ieL t 

+ ^ a hXdiv i ^ +fj+l C l g' ll "' l ' i+l3+1 (fix, . . .,O p , <pi,.. . ,<f> u )^iAu+i ■ ■ ■ ^ip&u+p 
V^v... V i(j i> + ^ ajCffii, . . . , tl p , . . . , </> u+ p, z/ 1 ) = 0, 

(5.2) 

modulo terms of length > a + u + f3 + fi + l. The terms indexed in J here are 
u-simply subsequent to K s i m p- 

A note and a notational convention before we state our Lemma: We observe 
that if some of the /x-tensor fields of maximal refined double character in (|2.3[) 
are "forbidden" , then necessarily all tensor fields in (|2.3[) must have rank n (in 
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other words L >fl = 0). This follows from weight considerations. Also all the \i- 
tensor fields must have each of the /i free indices belonging to a different factor. 
This follows from the definition of maximal refined double character. 

We introduce the notational convention needed for our Lemma. For each 
tensor field C g ' il "' i> ' appearing in (|2.3p we will consider its product with an 
auxilliary function Cg' 11 '"*" ■ <£>. In that contect Xdiv ia [C s ' ll '" v • <£] will stand 
for the sublinear combination in where V l ° is not allowed to hit the factor to 
which i a belongs (but it is allowed to hit the function 

Lemma 5.2 Assume equation i2.3\) , under the additional assumption that some 
of the tensor fields of maximal refined double character in are "forbidden", 
in the sense of definition \2.12\ Denote by K S i mp the u-simple character of the 
tenosr field in h2.3\) . 

We then claim that there is then a linear combination of acceptable [i-tensor 
fields with a u-simple character K s i mp indexed in H below so that: 

atXdivi, . . . Xdiv i)t V 1 /'- 4 " (n x , n p , = 
Y a h Xdiv i2 ...Mi> i(i [C 9 Ml - , "(n 1 ,...,O p , 4>U--, 0«)Vi x $] (53) 

+ ajXdivi, . . . xdivt^ {&/ (fii, . . . , n p , 01, . . . , (j> u ) ■ 

je.J 

(modulo longer terms); here the terms indexed in J are acceptable {ji — l)-tensor 
fields in the form (|2.ip which are simply subsequent to K S imp- 

Proof: Pick out the factor T\ = S*Rijki'V t 4>i- Let C L M stand for the 
index set of terms in which contain a free index in this special factor and let 
Lp C L p stand for the index set of terms with no free index in that factor. We 
assume wlog that for each I € the free index that belongs to the factor T\ is 
ii ■ 

We will prove the following statements: 



Y a l Xdiv il C g ' il -^W i2 v...W ifl v= Y a l Xdiv il C l g ' il - i >'W i2 v...W ifi v 
+ E a t C g ^V l2 v. . . Vi,v + Y "/h : - ^>,<- ■ ■ • V <M «, 

tGT jGJ 

(5.4) 

where the tensor fields indexed in L'^ are just like the tensor fields indexed in 
L^, but the free index ^ does not belong to the factor T\. The tensor fields 
indexed in T are acceptable tensor fields of rank ji — 1, with a simple character 
Ksimp, and moreover they have a factor S*\7Rijki (with one derivative) which 
does not contain a free index. 
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We will prove (|5.4[) momentarily. Let us now check how it implies our claim: 
We convert the factors Vu's into Xdiv's (we are using the last Lemma in the 
Appendix of [3] here), and replace into our Lemma hypothesis, to derive a new 
equation: 



a t Xdiv l2 . . . XdiVi^C/ 3 "'" + Xdiv h . . . Xdiv^C 1 / 1 " 4 * 

teT ieL B \\L' B 

" U " (5.5) 

je.J 



We next pick out the sublinear combination of terms in (|5.5j) with a factor 
S * Rij fc;V* 4>i (no derivatives); this sublinear combination clearly vanishes sepa- 
rately, so we derive: 



Y X*div h . . . X.dir.C^ + J2 a 3 Cl = 0. (g g) 

(Here X*divi[. . . ] stands for the sublinear combination in Xdivi[. . . ] where V* 
is not allowed to hit the factor S r Rijki^7 l 4>i- We then define a formal operation 
Op[. . . ] which acts on the terms above by replacing the expression S^Rijki V l 0i 
by an expression Vj-wVfcwVji;— Vj-wVjwVfeu; denote the resulting (u— l)-simple 
character (which keeps track of the indices ■ ■ ■ , V0 U ) by K' simp . Observe 
that this produces a new true equation: 



]T xdiv il ...xdiv ili Op[c] 1 /^ +53^ = 0, (57) 

where the terms C| are simply subsequent to K' simp . We can then apply the 
"generalized version" of Lemma 14.101 to the above (the above falls under the 
inductive assumption of (the generalized version of) Lemma 14.101 because the 
terms above have a\ + a 2 + p = <J — 1). We derive that: 



Y Op[C]^~ i »V il v...V^v = 0, (5 

Now, we formaly replace each expression V a wVbW, V c u by an expression 
S*Ri(ab)c^ l 4>i an d derive that: 



E ^-v VilW ...V vW = 0. 

Thus, we may return to (|5.5[) and erase the sublinear combination in (J L'^ . 
We then pick out the sublinear combination in that equation with a factor 
i§*V a Rijki^ % 4>i- We then derive a new true equation: 
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Y,"'*-'l"\,...X-<ln; (■;.' • Y,"' ( ''r (5.10) 

teT jeJ 

(X^divi . . . now means that V* is not allowed to hit the factor S»V a Rijkl)- 
We then define a formal operation Op'[. . . ] which acts on the terms above by 
replacing the expression 5*V ' a Rijki^ 11 4>i by an expression VawVjwVfcwVju — 
V a wVjwV;wVfcu; denote the resulting (u — l)-simple character (which keeps 
track of the indices V^2, ■ • • , V</> u ) by K,' si , Then by the same argument as 
above, we derive that: 



J2atOp , [C] t /s- i »V i2 v...V i)i v = 0, 



and therefore: 



(5.11) 



»C V,,r...V,r d. (512) 

Thus, we derive our claim by just multiplying the equations (|5.4ll . (15. 9|) . 
(|5.12| by $, converting the Vd's into Xdiv's (we are here applying the relevant 
Lemma from the Appendix of [3]) ill and then adding the resulting equations. 



Thus, matters are reduced to proving (|5.4[) . We do this as follows: Refer to 
our Lemma assumption and pick out the sublinear combination of terms with a 
factor S*RijkiV l 4>i (with no derivatives). This sublinear combination vanishes 
separaely, thus we derive a new true equation: 

diXdiv^Xxdiviz . . .X^diVi^Cg' 11 '" 1 ^ + aiX*div tl . . .X^diVi^Cg' 11 '" 1 " 

(5.13) 

Again, applying the operation Op (defined above) to (|5 . 13[) we derive a new true 
equation: 



aiX^div l2 . . . X tt div ltl {Xdiv ll Op[C] l g ^ 1 - ^} 

(5.14) 

+ J2 aiX*div h . . . X*div^Op[C] l ^- x » + J2 a J C g = °- 

IdLf j&J 



72 Recall that in this setting the derivative V* in each Xdivi is allowed to hit the factor <E>. 
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Here Xdiv^OplC]^ 11 stands for the sublinear combination where the deriva- 
tive V z is not allowed to hit any of the factors nor any of the factors 
Vw, Vv. In fact, if we treat the XdiViOp[C]g il '" i " as a sum of (fi — l)-tensor 
fields (so we forget its Xdw-structure) . We then apply the inductive assump- 
tion of Lemma 14.101 to derive that there exists a linear combination of /i-tensor 
fields with a (it — l)-simple character K' simp , such that: 

a l {Xdiv il Op[C] l j il " A '>}V ia v . . .Vi V + 2 a l X*div itl C^- i »V i2 v...Vv itl 

(5.15) 

Now, we act on the above by another formal operation Op^ 1 [. . . ] which replaces 
each expression V a wVf,wV c t; by S„R i ( a i ) ) c V t <fti. The result precisely is our 
desired l|5.4p , 

5.2 Mini-Appendix: Proof that the "delicate assumption" 
(in case I) can be made with no loss of generality: 

We let M stand for the number of free indices in the critical factor, for the terms 
of maximal refined double character in (|3.ip . We denote by L^,* C \} zeZ ' L z 
the index set of /i-tensor fields in (|3.ip with M free indices in the critical factor 
and with only one index (the index ;) in the critical factor contracting against 
another factor, in particular against a special index in some (simple) factor 
.S*V (rt -Rafted We will show that: 

":(■:,• (Oi, PJ </>!,... , 0„)Vi lV . . . W ilt V- 
a h Xdiv ilt+1 C*' il " i »+ 1 (Oi, . . . , O p , 4> u ■ ■ ■ , <MV 2l u • • ■ V v u = ( 5 . 16 ) 

heH 

^ otC*-* 1 ™*" (fix, . . . , Op, 0i, . . . , ^»)V il w . . . Vi„u, 

tST 

where the tensor fields in the RHS have all the features of the tensor fields in the 
first line but in addition the index ; in the critical factor is contracting against 
a non-special index. If we can show (|5.16p . it then follows that the "delicate 
assumption" can be made with no loss of generality. 

Proof of i5.16\) : We divide the index set according to which factor 

5*V^ p - ) Rabcd the index ; in the critical factor is contracting against: We say 
that I £ k S K if and only if the index ; is contracting against a special 

73 Denote this other factor by T" (while the critical factor will be denoted by T*). 
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index in the factor S*V^ Rij C dSI l 4>k (denote this factor by TjSj-say the index ; 
inT^. 

We prove (|5.16[) for the terms in L M Clearly, if we can prove this then the 
whole of (I51B will follow. We denote by (J 1 / 1 "*" . . . , Q p , Y x ,Y 2 ,fa, ...,fa) 
the tensor field that arises from Cg %1 "' %11 (fii, . . . , f2 p , fa, ■ ■ ■ , $fc, ■ • • j 0u) by re- 
placing the expression S*V^... ru RijkiS*Vy P }...y p Ri>j>k' l ^ % fa^ % 'fa by 
^nt 2 r u jk^^y P ^, 2 y p j'k'^2\ denote the resulting simple character by Cut[K simp ]. 
Considering the second conformal variation of (|3.1[) and pick out the terms of 
length a+u with the factors Wfa, V4>k contracting against each other, we derive 
a new true equation: 



[ aiXdivi, . . . Xdiv^C 1 / 1 -*" (Qi, . . . , tl p , Y t ,Y 2 , fa, ■ ■ ■ , fa, ■ ■ ■ , fa)+ 

^ a h Xdiv h . . . Xdiv ia Cg' n -- la (fii, . . . , O p , Yi, F 2 , fa,...,fa,..., fa) + 

^ o,q»(fii, . . . , Vt p , Y 1 ,Y 2 ,fa, ...,fa,..., fa)]S7 s faV s fa = o. 
je.r 

(5.17) 

The terms indexed in H have length > fi and are acceptable with a simple char- 
acter Cut [ftsimp 

] . The complete contractions indexed in J are simply subsequent 

to Cut [l^sirap] • 

Now, we apply our inductive assumption of Corollary [1] to the above 1^1 and 
we pick out the sublinear combination of maximal refined double character- 
denote the index set of those terms by (notice that the sublinear com- 
bination J2i<el fc wl ^ be included in those terms). We then derive that there 
exists a linear combination of acceptable (// + l)-tensor fields with a simple 
character Cut[ti S i mp ] so that: 

a l &/^{n l ,...,%,Y l ,Y 2 ,fa,...,fa,...,fa)W il v...W^v- 
anXdivi^GY 1 -^ 1 ^!, Yi,Y 2 , fa, . . . , fa, . . . , fa)V n v. . . V^v 

+ J2 "/T""' (°i> • • • » y i» y 2, fa, ■ ■ ■ , fa, ■ ■ ■ , fa)v h v. . . v ilt v = o. 

(5.18) 

Now, formally replacing the expression 
V v?. ) ..iu y i ® V n. } .r B ^2 ® 8> • • • ® V^-'fa g> V"w . . . V* A ® u 

74 Notice that 1 15. 171 1 does not fall under any of the "forbidden cases", since the for the factor 
V(-*)y we have $i + M > 2, where M" is the number of free indices that belong to that factor 
and $i is the number of factors \7(p h that contract against it. 
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by an expression 

and repeating the permutations that make the above hold formally^ we derive 
our claim. □ 
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